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CHAPTER (i)
THE DERIVATIVE

2.1 TANGENT LINES AND RATES OF CHANGE :

Tangent Lines :
* Referring to Figure 2.1.1 the slope m po of the secant line

through P(xo J (xo )) and Q (x, | (x)) on the curve of
y=f(x)is

)

R}l A -

Figure 2.1.1
* If we let x approach x,, then the point Q will move along the

curve and approach the point P. If the secant line through P
and Q approaches a limiting position as x —>x, , then we will

regard that position to be the position of the tangent line at P.




2.1.1 Definition :

Suppose that x, is in the domain of the function f. The tangent
line to the curve y=f (x) at the point P (xo S (%, )) is the line
wzth equatton | |

- . m, = lim f(x —f (xo) | (1)

x—)x0 X — xo

provzded the lzmtt exzsts For simplicity , we wdl also call this
the tangent line to y= =f (x) at x,.

Example 1 :

Use definition 2.1.1 to find an equation for the tangent line to the
parabola y =x* at the point P (1 1 )

Solution
* Applying Formula (1) with f (x) =x’and x, =1, we have
m, = tim 7 ¥) = (%)
X—>Xg X =X
_limf(x)_f(l)
x—1 x—1
2
= tim *~ =1
x—=>1 X -

Remember that :

* (a?=5?)=(a=b)(a+b)




= lim (x+1)— 2

x—>1

* Thus , the tangent line to y =x° at (1 1 ) has equation
_f (xO ) =My, (x —Xp )

y—-1=2(x-1)
y—1=2x-2
or equivalently y=2x-1|.

* There is an alternative way of expressing Formula (1) that is

commonly used. If we let h denote the dtjference
h=x-x,

then the statement that x —>Xx, is equivalent to the statement
h > 0, so we can rewrite (1) in terms of x, and h as
S (xg +h)=1 (xy)

m,,, = hlizza p (2)

* Figure 2.1.2 shows how Formula (2) express the slope of the
tangent line as a limit of slopes of secant lines.
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Figure 2.1.2




Example 3 : , _
Find an equation for the tangent line to the curve y =2/ x at
the point (2 1 ) on this curve.

Solution
* First , we will find the slope of the tangent line by Formula
(2) with f(x)=2/x and x, =2. This yields

f(xg+h)—=f (x,)

mun =hlf':’% h
2+h)-f(2
o F(24h)-f (2)
h—>0 h
2 -1
= lim 2+h
h—>0 h
Remember that :
%* E+1_£b
b~ b
2-(2+h)
. 2+h . —h
= lim = lim
0 h h>0 h(2+h)

: 1 1
=—\| lim —— |=|——|.

(h—>0 2+h) -2
* Thus , an equation of the tangent lineto y =2 / x at (2 ,1) is

y—=f (x0)=mtrm (x _xﬂ)
1
~l=——(x-2
y 5 (x=2)

1
-1 =——x+1
Y 2




or equivalently y= —-.Ex + 2_-_ .
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Figure 2.1.3

Example 4 :

Find the slopes of the tangent lines to the curve y = Jx at
Xg=1,xy=4,and x, =9.
Solution

* We could compute each of these slopes separately , but it will
be more efficient to find the slope for a general value of X,

and substitute the specific numerical values. Proceeding in
this way we obtain
X, +h)-f(x
= lim / ( 0 ) f ( 0)
h—0 h

m

tan

h—=0 h
= lim .
h—>0 h Jxo +h +x,




Remember that :

* (=) o)

* The slopes at x, =1 ,4 , and 9 can now be obtained by

substituting these values into our general formula for m,,,.
Thus ,

slope at x, =1 : LI _{
0 * 2\/1_ 2

slope at x, =4 : 1 __ Z .
6

slope at x, =9 : — ==

AY

Lo T o B WY I .




EXERCISE SET 2.1: (Home Work)

15-18 A function y =f (x) and an x-value x, are given.

(a) Find a formula for the slope of the tangent line to the
graph of f at a general point x = Xx,.

(b) Use the formula obtained in part (a) to find the slope
of the tangent line for the given value of x,,.

15. f(x)=x%-1;xy=-1

16. f(x)=x’+3x+2; x,=2
17. f(x)=x+x ; x, =1

18. f(x)=1/x; x,=4




2.2 THE DERIVATIVE FUNCTION :

Definition of the Derivative Function :

* In the last section we showed that if the limit
+h)-
lim f(xp+h)=f(x)
h—>0 h

exists , then it can be interpreted as the slope of the tangent line
m,,, to the curve y =f (x) at x = x,.

* This limit is so important that it has a special notation :

77(ey)= i T ) gy

2.2.1 Definition :
The functum f def ned by the formula

f(x+h)—f(x) ()

| (x)=’{zm

is called the déi‘-iliative-of f with respect t_o_. x. The domain of
[ consists of all x in the domain of f for which the limit exists.

Example 1.
Find the derivative with respect to x of f (x) =x?, and use it to

find the equation of the tangent lineto y =x° at x = 2.
Solution

* It follows from (2) that

f'(x)zhlf’f%f(x +hh)—f (x)




_ lim (x +h)2 —x?
h—>0 h

Remember that :

* (aib)z =a’+2ab+b°

. x? +2xh+h?-x? | 2xh+h?
= lim = lim
h—> 0 h ho0
h(2x+h
h—>0 h h—>0

2 at x=2is

* Thus , the slope of the tangent line to y =x
f'(2)=2(2)=4.

* Since y =(2 )2 =4 if x =2, thus an equation of the tangent
lineto y =x° at (2,4) is

y=f(x0)=1"(x5)(x—x5)

y—4=4(x-2)
y—4=4x-8
or equivalently Yy =4x-4 ],
Ay
9+ y= x?
L=
,L
G~
.l
4L
T
il
L
Figure 2.2.1




Finding an Equation for the Tangent Line to y =f (x) __at
X=x,

Step 1. Evaluate f (xo ) the pomt of tangency is (xo ) f (xg ))

Step 2 Fmd f (x) and evaluate f (xa) whzch is the slope
L mofthe line. | -
Step 3. Substitute the value of the slope m and the point
(xo ) f (x0 )) into the pomt—slope form of the lme

‘f(x()) S (xo)(x x0)

BT or eqmvalently, -

.-'-f(xo)'l'f (xo)(x xo) S (3)

Example 2 :
(a) Find the derivative with respect to x of f (x)=x" —x.
Solution

* It follows from (2) that
Nz gy L) =S (x)
s (x)_hh—I)ne h
nY —(x+h)|-[x° -
o [(x+ ) —(x+ )] [x x:'

h—0 h
Remember that :

* (azb) =a’ £ 3a°b+ 3ab® £ b°
I:x3 +3x’h+3xh? +0° —x—h]—l:x3 —x:l
= lim

h—>0 h




= lim
h—0

= lim
h—>0

= lim
h—>0

3x’h+3xh’ +n° —h
h
h[.?xz +3xh+h* —]:I

h
[3x2 +3xh+h° —1]=

§




Other Derivative Notations :

* When the independent variable is x , the differentiation
operation is also commonly denoted by

FrE)=lr @] or 1(x)=0.[r ()]

* In the case where there is a dependent variable y =f (x) , the
derivative is also commonly denoted by

F1E) =y (x) or fr(x)="

* With the above notations , the value of the derivative at a point
X, can be expressed as

£ (%) —[f ®)]..., - F&)=D.lr(x)]..,,

f'(x)='(x)) S(x0)=
X=Xp
* It is common to regard the variable h in the derivative formula
_ iy L+ 1) (x)
1 (e) = fim L2 ©)

as an increment Ax in x and write (9) as

f(x+Ax)-f (x)

2 (10)

* Moreover , if y =f (x) , then the numerator in (10) can be
regarded as the increment

Ay =f (x +Ax)—f (x) (11)

f’(x)= lim

Ax =0

in which case

(2




dy
— = im —=
dx Ax—>0AxX Ax—o0 Ax

(12)

* The geometric interpretation of Ax and Ay are shown in
Figure 2.2, 14.

y=fx+Ax) ~ f{x)

y= )

¥ -

Figure 2.2.14

EXERCISE SET 2.2: (Home Work)

9,13 Use Definition 2.2.1 to find f' (x) , and then fnd the
tangent line to the graph of y =f (x) at x =a.

9. f(x)=2x2; a=1

13. f(x)= Jx+1;a=8

15,17 Use Formula (12) to find dy / dx.
1

15, y=—
X

17. y=x2—x

i3




2.3 INTRODUCTION TO _TECHNIQUES OF
DIFFERENTIATION :

Derivative of a Constant :

* The simplest kind of function is a constant function f (x) = C.

Since the graph of f is a horizontal line of slope 0, the tangent
line to the graph of f has slope 0 for every x; and hence we
can see geometrically that '(x) =0 (Figure 2.3.1).

AY

T
I
|
l
I
X

¥

The tangent line io the graph of
f(x) = c has slope 0 for all x.

Figure 2.3.1

* We can also see this algebraically since

£1(5)= s f(x+h12—f(x)

0

—Iim S =limo=0
-0 h h—0

* Thus, we have establish the following result.

14




2.3.1 Theorem :

The derivative of a constant function is 0 ; if ¢ is any real
number , then

‘j—x[c]=0. . o

Example 1 :

—[1]=[0].

L1-31=[0].

Remember that :

2 %[4:0

Derivative of Power Functions :

* The simplest power function is f (x) x. Since the graph of
[ is a line of slope 1, it follows that f' (x) 1 for all x
(Figure 2.3.2).

|5




X
>

e e —— —

The tangent line to th.é graph of
fx) = xhas slope 1 for all x;

Figure 2.3.2

* In other words,

seli= 2)

* Example 1 of Section 2.2 shows that the power function
f (x) = x’ has derivative f '(x) =2x. From Example 2 in
that section one can infer that the power function f (x) =x’
has derivative f '(x) =3x°. Thatis,

%[x2:|=2x and %[x3]=3x2 (3—4)

* These result are special cases of the following more general
resullt.

ld




2.3.2 Theorem (The Power Rule):

If n is a positive integer , then

. %[xn:l=nxn——1 .

Example 2 :

» 4T [ax .
xt )=l

» 4 res7- 5t .
e ]= 18

" i[t”_ =|12¢" |,
dt - _

Remember that :

* %[x”]=nx”'1

* Although our proof of the power rule in Formula (5 ) applies

only to positive integer powers of x, it is not difficult to show
that the same formula holds for all integer powers of x. Also

saw in Example 4 of Section 2.2 that

4[]

dcl T4 2%
which can be expressed as

dx 2 2

|7

i[@] N 2R B S 72 3

(6)

2x




2.3.3 Theorem (Extended Power Rule):

If r is any real number , then

()

In words , to differentiate a power function, decrease the

constant exponent by one and multiply the resulting power
Sfunction by the original exponent.

Example 3 :

: g; =7 ]= [z .

* j_x[i:l = ‘% x! :I =(-1)xT1=-x"2= _xl_z
g R S

* %[xus]:ix(ws)q _ %x_ys _ 5;3/5 _ sttx
DR[|

% ;_x i ]= ‘_1{1; [xl/s:lz g 273 =3x12/3 _

Remember that :

I3




Derivative of a Constant Times a Function :

2.3. 4 Theorem (Constant Multiple Rule)

If f_ is dzﬁ“erentmble atx and c is any real number then cfis

also dy‘"ferentzable at X and

PR 7

Note :
* Formula (8) can also be expressed in function notation as

(cf)'=cf'

In words , a constant factor can be moved through a derivative
sign.

Example 4 :

«4dr

dx -

Remember that :

19




* aef(9]=e L 1()]

Derivatives of Sums and Differences :

2.3.5 T heorem (S um and leference Rules)

If f and g are dzﬁ"erentmble at X then 50 are f +gand
'f g and - - R

- -—[f (x)+g (x)] ——[f (x)]+—[g (x)] o

A @D - L] )

* Formula (10) can be proved in a similar manner or ,

alternatively , by writing f(x)-g(x) as f(x)+(-1)g(x)
and then applying Formula ( 8) and (9)

In words , the derivative of a sum equals the sum of the
derivatives, and the derivative of a difference equals the
difference of the derivatives.

Example 5

* ;;[2x6 +x"9:|=dd7|:2x6]+;;|:x_9:|

70




Remember that :

AL e(]= A (] 2] 6]

*aib_gé
¢ c c

’ i[f] 2Jx

* Although Formulas (9) and (10) are stated for sums and

differences of two functions, they can be extended to any finite
number of functions.

* Formula (8) can also be expressed in function notation as

(f+g+h) =f'+g'+ I’

Example 6 :
Find dy /dx if y =3x% -2x° +6x+1.
Solution
y =3x*-2x° +6x+1
d
A d [Sx —2x° +6x+1:|
dx dx

21




Remember that :

* L) e)] =5 (9] ()]

Remember that :

* Lles(9)]=c £ (¥)]

® %[x":|=rxr_1 , %[c]=0

Higher Derivatives : | | :

* The derivative f'of a function f is itself a function and hence
may have a derivative of its own. If [' is differentiable , then
its derivative is denoted by f'' and is called second derivative
of f. As long as we have differentiability , we can continue

the process of differentiating to obtain third , fourth , fifth ,
and even higher derivatives of f . These successive derivatives

are denoted by
', fn=(fr)"frn=(fn)”f(4) =(fnr)"f(5)=(f(4))',m

*Ify =f (x) » then successive derivatives can also be denoted

by
“) ., )

y" yH’yH',y ,y y e

22




* Other common I’lOttltiOl’tS are

dy_d

‘;‘;— dx[ (x)]

i * [r (x)]]=
i [f(x)]}=

42
dx—zl:f (x)]
PE

dx—3[f (x)]

* The number of times that f is differentiated is called the order

of the derivative,

denoted by

f(n)( )_

dn

A general nth order derivative can be

(11)

and the value of a general nth order derivative at a specific
point x =x, can be denoted by

d"y
dxn

x=x0

n d"
=f( )(x0)=dxn

X= xg

Example 9 :

*If f(x)=3x"-2x" +x? ~4x+2, then
f'(x)=12x3 —6x° +2x—4
f(x)=36x°-12x+2

[ (x)=72x-12
fO(x)=72

23
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f(f')(x)=0
f(‘")(x)=0 (n25)

EXERCISE SET 2.3: (Home Work)

2,3 Find dy/dx.
2.y =—3x%
3. y=3x"+2x+1

10,11,13 Find f'(x).
10. f(x)=\/;+31:

1. f(x)=-3x"%+2Jx
1
Jio

X

13. f(x)=x+

x4 2

18. Find y'(1) if y=

41,42 Find d’y / dx>,
41. (a) y = 7x’ —5x? + x

©y=""

42. (@) y=4x" -5x° +2x
(@) y=(x3 —5)(2x+3)

24




2.4 THE PRODUCT AND QUOTIENT RULES :

Derivative of a Product :

2.4.1 T heorem ( The Product Rule):

If f and g are dszerenttable at x , then so zs the product f 8
and

—[f (x) g(x)] -1 (x) —[g (x)]+g(x) oy (x)] )

* Formula (1) can also be expressed as

(f-8) =fg+g.f"]|.

In words , the derivative of a product of two functions is the first
Junction times the derivative of the second plus the second times
the derivative of the first.

Example 1 :
Find dy /dx if y =(4x2 —1)(7x3 +x).
Solution
y=(4x7 -1)(7x7 +x)
Method 1.: (Using the Product Rule)
d d
dJ.; ™ [(4x 1)(7x3 +x):|

Remember that :

¢ L7 e=r () L8]+ 69 L (4]

25




(4x2 —1).;;[7x3 +x:|+(7x3 +x).;—x[4x2 —1]
(4x2 —1)(21x2 +I}+(7x3 +x)(8x)

= 140x% —9x? -1 |,

Method 2.: (Multiplying First)
= (4x2 -—1)(7x3 +x)

=28x> +4x° -7x% —x=28x —3x% —x

* Thus, b _ i[2836 *_3x7 —x] = 140x4—9x2—1 :
dx dx

which agrees with the result obtained using the product rule.

Example 2 :

Find ds /dt if s =(1+t)k.
Solution

s = (I + )\/l‘—
* Applying the product rule yields
d
Remember that :

* 2L ()8(x)] =1 () Lo ()] + 8 (x) ] £ ()]
= (1 +t). %[ ]+\/_ —[(1+t)]

Remember that :

e dr =1 1
RG]y

26




-(1+t) +\/_(1)

_ 1+t zf 1+3¢
20 v 24 L2 |

Derivative of a Quotient :

2.4.2 Theorem (The Quotient Rule):

If f and g are both differentiable at x and lf g (x) ;&0 then
f / g is dﬂerentmble atx and -

| )] ) —[f(x)]—f(x) f[g(x)]
et [y -

* Formula (2) can also be expressed as

[1)’ _gf-18

g g’

In words , the derivative of a quotient of two functions is the
denominator times the derivative of the numerator minus the
numerator times the derivative of the denominator , all dmded by
the denominator squared.

Example 3 :

x? +2x% -1
x+35 .

Find y'(x) for y =

27




Solution
x’ +2x% -1
- x+5
* Applying the quotient rule yields
dy d x’ +2x% -1
dx  dx [ x+5 ]

Remember that :

, i[f(x)] g(x)-5 [ (9]~ £ (). [e(¥)]

| 5(x) [s(x)]?

(x+5) ;x x? +2x? —l:l—(x +2x —1) —[x+5]
) (x+5)
(= +5)(3x2 +4x)—(x3 +2x° —1)(1)
B (x+5)2
. (3x3 +19x? +20x)—(x3 +2x? —1)
) (x+5)
N 2x +17x +20x+1
- (x+5)

2%




Table 2.4.1 Rules for Differentiation:

d | :
w20 (ef)=er
(f.‘g).=f‘3'*’g"_f"'__ (ﬂ g g2 .8
1' _.g': - i r_ r—lI
O b

EXERCISES SET 2.4: (Home Work)
4. Compute the derivative of the given function

f(x)=(x +1)(x2 —Xx +I)
by (a) multiplying and then differentiating and
(b) using the product rule.
Verify that (a) and (b) yield the same result.

8,9,11,14 Find f'(x).
8. f(x)= ( ;](3x3+27)
9. f(x)=(x—2)(x2 +2x+4)

Ix +4
1 f(x)—x +1

29




2x’ +5
I3x—-4

4. f(x)=

2x—1
21 Find dy/dx | _if y= xx+3.

2.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS :

Using the definition of the derivative

f(x+h)- f(x)

o= »
* Thus, we have obtain
d .
— SinX =cos X 3
I (3)

* we can use the same method to derive the following formula
for the derivative of cos x :

icosx——sinx (4)
dx
Example 1 :
Find dy /dx if y =xsinx.
Solution
y =XSsinx

* Using Formula (3) and the product rule we obtain
d
W _ 4 Iy sinx]
dx dx

Remember that :

30




¢ AL ()8 (9]=7 ()8 () ()]
= X. ;—x[sinx] +sin x. ;id; x]

Remember that :

« 4 .
—sinx=cosx
dx

= | xcosx+sinx |,

Example 2 : ol
Find dy /dx if y =——>
I +cosx
Solution
3 sinx
y I +cos x

* Using the quotient rule together with Formula (3) and (4) we
obtain

dy d | sinx }
dx dx|I+cosx

Remember that :
*_{f(x)} g(0)L F(]-1 ()5 [e(%)]
“ [¢(x)]”

(1 +cosx).g;[sinx]—(sinx).;c[1 +cos x|

(1+cosx )2

Remember that ;

* d . d .
— SINX=¢CO0SX , —COSX=—SInXx
dx dx

31




_ (I +cos x)(cos x)—(sinx) (- sinx)

(I +cos x )2
_Cos X +cos’ x +sin’ x
(1 +cos x )2

Remember that :

* cos? x+sinx=1
* I+tan® x =sec? x
* cot? x+1=cse’ x
cos x +1 1

(1+eosx)  [Lteosx

* The derivatives of the remaining trigonometric functions are

J _

——tanx =sec’ x —cot x =—csc’ x (5-6)

dx dx

L 4 oox = (7-8)
sec x =sec x tanx CSCX =—CSCX COt X

dx dx

* These can all be obtained using the definition of the derivative,

but it is easier to use Formula (3) and (4) and apply the
quotient rule to the relationships

sinXx COS X 1 1
y COLX =—; , SECX = » CSCX = —;
CoSs X sin x Cos X sin x

fan x =

* For example,

%[mnx]=i[sme

Cos X

Remember that :

32




. 1{f(x)]_g(x)-di[f (]-7()- ()]
e ] [¢(3)]’
d

g(x)
CoS X. i [sin x] —Sinx.— [cos x]
dx dx

COS2 X

Remember that :

d |, .
* —_sinx=cosx , — cOSX=— Sinx
dx dx

_cosx. cosx—sinx.(— Sinx)
- 2

cos” x
2 . 2
_cos” x+sin” x
cos’ x
Remember that :
* cos’x+sin’x=1
1
= 7= sec’ x
cos” x
Example 3 :
Find f"(n/4)if f(x)=secx.
Solution
f (x) = sec X

% fr(x)=dd:[secx]= secx tanx |,

Remember that :

* __secx=secx tanx
dx

33




* fr(x)= ‘—id;[secx tan x |
Remember that :

L )]/ ()L La()] () 1 ()]

d
-secx.;l—t—[tanx]+tanx.E[secx]

Remember that :

. d
w —tanx=sec2x
dx

=sec xX. sec2 x+tanx secxtan x

= S€C3 X +secx t(ll’lz X |,

* fr(n/4)=sec’ (n/ 4)+sec(n/4) tan’ (n/ 4)
Remember that :

*7r180
4 4

=45°, ta n£=1,sec£=\/§
4 4

3y




EXERCISE SET 2.5: (Home Work)
1,5,8,12,14,15 Find f'(x).
L f (x) =4 cosx+2sinx

5—cosx
& f(x)  S+sinx

8. f(x)=(x2 +1)secx
12. f(x)=cscx cotx

sec x
14. f(x)= 1+tanx

15. f(x) =sin’ x +cos® x

21,23 Find d’y / dx°.
21. f(x)=xsinx -3 cos x
23. f(x) = SIn X COS X

26(c). Find an equation for the tangent line to the graph of
y=sinx at x=r€n/4.

27(a). Show that y = xsinx is a solution to y''+ y = 2cos x.

35




2.6 THE CHAIN RULE :

Derivatives of Compositions :

2.6.1 Theorem (The Chain Rule) :

I g s dzﬁ'"erentmble and ' f Is dszerentmble at g (x) then the
'composctlon f og s dlfferentmble atx Moreover zf -

dy dy du|

| dx Cdudx |’

. y=f(2g(x)) and u= g(x)
theny —f(u) and Sl

0

Example 1 :

Find dy / dx if y =cos (x3 )

Solution
y =cos (x3)
* Let |u=x"| and express y as
Formula (1) yields
dy dy du
dx du’dx

d

dr s
= E[cosu] : El:x :I

Remember that :

% %[xr:l=rxr—1 ’;‘:

= (- sinu). (3x2)

y =cosu.

38

Applying

— cosx=—sinx




=(— sin(x3 )) (3x2)= ~3x? sin(x3) .
Example 2 :
Find dw/dt if w=tanx and x=4 +t.
Solution

w=tanx and x=4 +1t
* In this case the chain rule computations take the form

dy dy dx
dt dx dt
d d 3
=—I|tanx|.—| 41t +¢
geltom] 40 +1]
Remember that :
%

[x"]=rxr'1 , % tanx = sec’ x
= (secz x) . (12t2 +1)
= ::rec2 (4t3 +t)] . (12t2 +1)

= (12t2+1) sec2(4t3 -;-l-_t) 1.

An Alternative Version of the Chain Rule :

* Formula (1) for the chain rule can be expressed in the form

L (e(:N]=(fo8) (0)=1"(s(x)-8'(x)|  (2)
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* A convenient way to remember this formula is to call [ the
"outside function" and g the "inside function" in the

composition f ( g(x )) and the express (2 ) in words as :

The derivative of f (g (x )) is the derivative of the outside

function evaluated at the inside function times the derivative of
the inside function.

Example 3 : (Example 1 revisited)
Find h'(x) if h(x)=cos (x3 )
Solution
h (x) = COS (x3 )

* We can think of h as a composition f (g (x)) in which

8 (x ) =x" | is the inside function and f (x) =cos x is the
outside function. Thus , Formula (2) yields

h(x)=f"(g (x))-2" (x)
=f’(x3 ).3x2

= — sin(x3).3x2 = — 3x2Sll’l (x3 ) .

which agrees with the result obtained in Example 1.

Example 4 :

* ;—x[tanz x:l = ‘%;[(tanx)z:l

=2 (tanx)l .a;i(tanx)
X
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Remember that :

d
* % tanx=sec’ x

= (2 tanx).(sec2 x) = 2"‘;’_’.:-‘7‘_ s;ec? X

Remember that :

L dr =1 1
AR ey

24x? +1

Generalized Derivative Formulas :

* There is a useful third variation of the chain rule that strikes
a middle ground between Formulas (1) and (2). If we let
u =g (x) in (2), then we can rewrite that formula as

d . du
ol w)]=r1 ) (3)
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Table 2.6.1 Generalized Derivative Formulas :

If u is a differentiable function of x , then

i [“’]="u‘1 o )=

:dx - dx dx , 2\/_ dx
w—[smu] cosu PRI —,[cosu]=—.smu_s—"-?- -
dx . ,__.dx o dx RSN _dx-.
— [tan u] = S802 u. d_u | i[caifzu ] = - CSCZ"d_u
i[]= e el cewonn 2
dx S dx dx - S dx
Example 5 :
Find
(a) ;—x[sin (Zx):l (b) ;—x[tan (x2 +1):|
- 3/4
(c) ‘%C-_\/x3 +cscx} (d) ;—xl:xz —X +2:|
Solution

(a) ;—x[sin (Zx )]

Taking |4 =2X| in the generalized derivative formula for
sinu yields

—[sm (Zx)] = _[Slnu] cosu. %

Remember that :

Ho




d
(b) E [tan

Taking

. d . du
w —[sm u] =CcosSU.—
dx

= cos 2x.i'2x]=cos 2x.2
dx -

2 cos2x

[xz +1)]

2 . : o
u=x"+1| in the generalized derivative formula

for tanu yields

%[ttm(xz +1)] d—[tanu] sec’ u. du

dx
Remember that :
—[tan ul= sec’ u. %
= sec ( +1 ) l%[x +1
= sec ( +1 ) 2x
2

= 2xsecz( +1) .

© | Jx

dx

+CSC)C]

Taking

3 . L . -
U =X +cscx | in the generalized derivative

formula for Ju yields

S

dx

1 du
+cscx] —[Jt;:|=2\/;a
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Remember that :

‘[\/_J 2flﬂ Z:

I:x3 +cscx]

1

2\/x3 +esex 9%

Remember that :

*

d

— OSCX=—CSCX COLXx
dx

1

A3x? —esex cotx)

B 2\/x3 +csex

3x? —esex cot x

. "2\/;3'+csc*x |

3/4

(d) ‘;l'—x[x2 ~x+2|

Taking |u =x’—x+2| in the generalized derivative

formula for w’? yields

‘;Y—J\Cl:x2 —x+2:|3/4 =dd—x[u3/4:|=l37uﬁl/4.‘;—z

Remember that :

* %[ur:I:ru"l.ﬁ

dx
=i(x‘2 -Xx + )_1/4.5;[x2 - X +2:|
= | 5 (x? -x +2 )_1/4(2x 1)




Example 6 :
Find

(a) %[sin(\/l + cosx)]

(b) lf M= secr (® constant)

Solution

(a) %[sin(\/l + cos x)]

Taking | u=~1+ cos X | in the generalized derivative formula
Jor sinu yields

%[sin(\/1+cosx)] —[smu] cosu:::

Remember that :

. dr . du
~ —[sm u] =cosu.—
dx

= cos(\/1+c0sx).%|:\/1+cosx]
Remember that :
i

—sinx
= cos(\ll+cosx) Zm

Y3




(b) ‘fi—f = %[sec\/a]

Taking | u= @t | in the generalized derivative formula for
secu yields

du d d du
— = — sec\/a)t = —|secujy=secu tanu., —
dt dt[ :I dt[ ] dt
Remember that :
® #[secu' = secu tanu. du
dx o
| d _
=Ssec ot tanxfa)t.al:\/a)t
Remember that :
o df . 1 du
| dx[‘/;]_ 2Ju dx
ot
EXERCISE SET 2.6: (Home Work)

8,14,19,21,24 Find f'(x).
8. f (x)=(3x7 +2x—1)6

14, f(x)=R12+x
19. f(x)=cosz (Sx/;)
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21, f(x)=2sec2 (x7)
24, f(x) = \/Sx—sinz (4x)

27,28 Find dy/dx.
_ w3 a2
27. y=X Sin (Sx)

28, y= \/; tan’ (\/;)

43. Find an equation for the tangent line to the graph of
y=xcos3x at xXx=T7I.

52,53 Find d’y/ dx’.
52. y= sin(3x2)

53, y=——
Y I-x

S




CHAPTER (2)
TOPICS IN DIFFERENTIATION

3.1 IMPLICIT DIFFERENTIATION :

Functions Defined Explicity and Impliciy :

* An equation of the form y =f (x) is said to define y explicitly
as a function of x because the variable y appears alone on one
side of the equation and does not appear at all on the other
side.

* However , sometimes functions are defined by equations in
which y is not alone on one side ; for example , the equation

yx+y +1=x (1)
is not of the form y =f (x) , but it still defines y as a function

of x since it can be rewritten as
_x-1
d x+1
* Thus , we say that (1) defines y implicitly as a function of x ,

the function being

* An equation in x and y can implicitly define more than one
function. This can occur when the graph of the equation fails
the vertical line test , so it is not the graph of a function of x.
For example , if we solve the equation of the circle

x?4y?=1 (2)

4173




for y in terms of x , we obtain y =11 —x? , so we have
found two functions that are defined implicitly by (2) )
namely ,

I (x)=\/1—x2 and f, (x)=—\/1 —x? (3)

* The graphs of these functions are the upper and lower
semicircles of the circle x? + y ? = [ (Figure 3.1.1).

N D
NP

2ep=1] - y=mi-2

L

¥

Figure 3.1.1

* This leads us to the following definition.

3.1.1 Def' nition :

We wzll say that a gtven equation in x and y def nes the functton
[ implicitly if the graph of y=f (x) comczdes with a pomon of

the gmph of the equation. |

7




Example 1: '
* The graph of x = y2 is not the graph of a function of x, since
it does not pass the vertical line test (Figure 3.1.2).

* However, if we solve this equation for y in terms of x, we
obtain the equations y= Jx and y= —/x, whose graphs
pass the vertical line test and are portions of the graph of
x =y’ (Figure3.12).

* Thus, the equation x = y? implicitly defines the functions

/i (x)=\/; and f, (x)=—\/;

Y |
} y=Ax
' <
| ,
Figure 3.1.2

Implicit Differentiation :

* In general , it is not necessary to solve an equation for y in
terms of x in order to differentiate the functions defined
implicitly by the equation. To illustrate this , let us consider
the simple equation

xy =1 (5)
* One way to find dy / dx is to rewrite this equation as
1
y=" (¢)
X

7R




Jrom which it follows that

d 1
=7 (7)

=

Remember that :

* %I:;!r:":|=rxr_lr

* Another way to obtain this derivative is to differentiate both
sides of (5) before solving for y in terms of x , treating y as

a differentiable function of x. With this approach we obtain

 [xy]= 1]

Remember that :
L) 8] =1 () Le(x)]+2() L r ()]
* a[c]=0
x.‘%c—[y]+y.j—x[x]=0
Z‘; +y =0
yp __ ).
dx  x

If we now substitute (6 ) into the last expression , we obtain

dy __y__\x __1_

dx X X x?
which agrees with equation (7 ) This method f obtaining

derivatives is called "implicit differentiation’.
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Example 2 :

Use implicit differentiation to find dy / dx if

5y% +siny =x~.

Solution
* Differentiating both sides of
5y ? 4 sin y =X
with respect to x yields

;—xl:5yz +Siny:|=;—x|:x2:|

Remember that :

¢ L r@xa()= L (] g 8]

* i[xr:l=rxr—1
dx

2

dr 7. dy. 1.
SE[‘V :|+E[smy]—2x

Remember that :

* %[sinu] = cosu.%

5 (Zy dy )+ (cosy )(;l _ oy The chain rule was used here
X

dx because y is a function of x.

dy
{ NCAN,
(0y+cosy) X

dy | 2x

dx | 10y +cosy |
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Example 3 :
Use implicit differentiation to find d*’y / dx* if
dx?-2y% =9,
Solution
* Differentiating both sides of
4x? -2y% =9
with respect to x yields

dx -4y |y |
* Differentiating both sides of (9) yield

Remember that :
. i[f(x)]=g(x)-§x[f(x)]—f(x)-di[g(x)]
dx g(x) [g(x)]Z

d
- =(y)(z)—(zzx)[d~;;) »

* Substituting (9) into (10) and simplifying using the original
equation , we obtain

| P 2y—2x(2x)
d’y _ Y

- 2

dx? y

dx? y

LY
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Example 4 :

Find the slopes of the tangent lines to the curve y P _x+1=0
at the points (2, —1) and (2,1 )
Solution
yi-x+1=0
* We could proceed by solving the equation for y in terms of x
and then evaluating the derivative of y =~x—1 at (2,1 )

and the derivative of y =—~x —1 at (2 ) —1) (Figure 3.1.4).

AY

-
y=vVx-1 =
(2.1)
J"f f
y==lr-1 T
T
Figure 3.1.4

* However , implicit differentiation is more efficient since it can

be used for the slopes of both lines. Differentiating implicitly
yields

£%Ey2—x+1]=£%W]

Remember that :

—[f(x)ig(x] —[f(x)]i [g(x)]
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d 2 d d d
ool g el g = 1]
Remember that :

* —:x—[ur:|=rur_1.%

¥ el=0
dy
v 10
Y dx
dy |1
dx |2y |

* At (2,—1) we have y =—1 , and at (2,1) we have y =1,
so the slopes m,,, of the tangent lines to the curve at those
points are

& ro [T w1 [T
_ _ 2 —2 1 2
dx ;=31 2( 1) - dx ;=1 2( ) |
EXERCISE SET 3.1: (Home Work)

LIf x+xy-—2x3 =2,
(a) Find dy / dx by differentiating implicitly.
(b) Solve the equation for y as a function of x, and find
dy / dx from that equation.

(c) Confirm that the two results are consistent by expressing
the derivative in part (a) as a function of x alone.
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4,5,10,11 Find dy / dx by implicit differentiation.
4. x> + ¥y 3 =3 Xy 2
5. x2y+3xy3 -x=3

10. cos(xyz) =y

11. tan’ (xy2 +y) =X

13,17 Find d*y / dx* by implicit differentiation.

13. 2x? -3y°% =4
17. y+siny=x

3.2 DERIVATIVES OF LOGARITHMIC FUNCTIONS :

Derivatives of Logarithmic Functions :

* We will establish that f (x) =Inx (natural logarithmic

function) is differentiable for x >0 by applying definition to
f (x) To evaluate the resulting limit, we will need the fact

that In x is continuous forx > 0 ,and we will need the limit

lim (1+v)"" =e|. (1)

vy >0

Remember that :
* Fuler's constant e~ 271828

* Jlim Inx=—o,Inl=0, lim Inx=+o
x=0F X—r + 0

5'1/




%[lnx]= lim ln(x+h)—ln(x)

h— 0 h

Remember that :

% , . flx+h)-f(x
L) )=y 11

If a>0,c>0, and r is any real number , then
%
a

ln(ac) =lna+inc, ln(
c

]:lna—lnc ,ina" =rina

— Jim ! ln(x-l_hj

>0 h X
The quotient property of log arithm.

= lim 1 ln(1+£]
h>o0h X

R | Let v=h/ x and note that
= lim — ln(1+v) : .
= 0 VX v 0ifand only if h > 0.
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1, 1

=—lim — In(1+v)
Xv=>0V

X is fixed in this limit computation, so

1/ x can be moved through the limit sign.

1
=—lim ln( 1+ v)I/v The power property of log arithm.
Xv—>0

1 : 1/v
= ln[llm (I+v) ]

y—>0

In x is continuous on (0,+oo) S0 we can move

the limit through the function symbol.

1 Ine 1
X X
Since Ine = 1.
* Thus,
d 1
‘E[lnx]=;, x>0, (2)

* The general logarithmic function log, x ,b >1 is shown in
Figure 0.5.6
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| Figure 0.5.6

* A derivative formula for the general logarithmic function
log, x can be obtained from (2) by using the Formula

log, x=1Inx/Inb

d d|Inx
wllogs x]_a[lnb] Inb dx[ I x]

* It follows from this that

1
xlnb

d
-;.;[logb x]=

, x>0

Remember that :

*
log,x=Inx (natural logarithmic function),

log;p x =log x (common logarithmic function)
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Example 2 :

Find a%[zn (x? +1)] .
Solution

* Using (4) with |u =x 2 +1| we obtain

;;[ln(xz +1)]= L 4 [x7+1]

x° +1 dx

Remember that :

* i[ In u] — i@
dx u dx
1
= 3 . Zx
x“+1

* When possible , the properties of logarithms in Theorem 0.5.2
should be used to convert products , quotients , and exponents

into sums , differences , and constant multiples before
differentiating a function involving logarithms.

0.5.2_Theorem (Algebraic Properties of Logarithms) :

If b >0 b ¢1 a>0 c>0 and r lsanyrealnumber then
(a) logb (ac) logb a+logb " Product propers

(b) logb ( J logb a— logb - Q.uoaentpfopemys_:: o
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(c) log, (a" ) =rlog,a Power property

(d)-'-log b (£) =— log.b c Reciprocal property
Example 3 :
d x? sin x
Find —|In| ——|]|.
Solution

* Using properties of logarithms

;—xliln [x\/—lsi_%ﬂ = ‘ch:ln (x2 )+ln (sinx)—In (\/1:)]

Remember that :

If a>0,c>0, and r is any real number , then

%

ln(ac)= Ina+Inc, ln(2)=lna—lnc ,Ina" =rina
c

d 1
— . —— —
= I:ZInx+ln(Slnx) ln(l +x):|

Remember that :
% i[lnu]=i-@ R i[sinx]=c0sx
dx u dx dx

2 cosx 1

X Sinx _2(1 +x)

Remember that :

% COSX
=cotx

sinx
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=1 —<4cot x —

The Trigonometric Functions :

* Of an Acute Angle 0 :
sin 9= e ‘csc 0. =

(opp) ~ cosO= sec =

"cotﬁ—

| c:-l s = ,| o = Ir: ey
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* Figure 3.2.2 shows the graph of f (x)=1In|x]|.
AY M

N/

e

Y -

Figure 3.2.2

* This function is important because it "extends" the domain of
the natural function in the sense that the values of In| x| and
Inx are the same for x>0, but lnlxl is defined for all

nonzero values of x, and Inx is only defined for positive

values of x.

* The derivative of In|x
considering the cases x >
Case x> 0. Inthiscase |x|=x ,so

for x#0 can be obtained by
0 and x < 0 separately :

i[ln|x|_ = i[ln x]= 1
dx - dx

X
Remember that :

=0
’ |x|={_3; | $<0
’

AY

Y
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Case x < 0. In this case |x|=—x , so it follows from (4)
that

selmd]= 7 m(-))= 0 el =

* Since the same formula results in both cases , we have shown
that

;—x[ln|x|:|=)1: if x#0 (6)

Example 4:
. d :
Find E[hﬂsmx |:|

Solution
* From (6 ) and the chain rule

d
sin x (—l;[sm x]

Remember that :

d 1 du dy, 1
—[ln|u[:|-—;.a , E[smx]—cosx

—[ln | sin x |:| =

COSX [—
= cot x|.

sin x
Remember that :

. COSX
- =cot X

sinx
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Logarithmic Differentiation :

* We now consider a technique called logarithmic differentiation
that is useful for differentiating functions that are composed of
products , quotients , and powers.

Example 5 :

x?{7x-14
7
(1 +x? )
Solution

x? 7 x ~14

(1 +x2)4

Find the derivative of y =

* The derivative of

y:

(7)

is messy to calculate directly.

* However , if we take the natural logarithm of both sides and
then use its properties , we can write

ny = (<o (Te=r0) - (157) |

Remember that :
If a>0,c>0,and r is any real number , then

* a

ln(ac)= Ina+inc, ln[ )= Ina—Inc,Ina’ =rina

C
Iny =2Inx +§ln(7x—-14)—4ln(l +x2)

* Differentiating both sides with respect to x yields
ldy 2 1 7 2x
— =3 —4
ydx x 37x-14  [+x?

J3




Remember that :

d
x @ _4 du
dx[lnu] s
ldy 2 1 8x
ydx x 3x—-6 ]+x?
* Solving for dy / dx we obtain
dy [z 1 8 x }
dx x 3x—6 1+x?
* Substituting for y we obtain

dy _|x°W7x-14[2
dx

derivatives of real powers of x :

* We know from Theorem 2.3.2 in Section 2.3 , that the
differentiation formula

d

el S (8)

holds for constant values of v. We will now use logarithmic
differentiation to show that this formula hold if r is any real
number (rational or irrational). In our computations we will

assume that x" is a differentiable function and the familiar
laws of exponents hold for real exponents.

* Let y=x", wherer is a real number. The derivative dy / dx
can be obtained by logarithmic differentiation as follows:
In|y|=In|x"

= rln|x|
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Remember that :
If a>0 and r is any real number , then

*

Ina =rina

d d
L Linly]]= | rinlx|]
Remember that :

TR
dx[lnlu[l_ u 'dx

Tdy_r
ydx Xx
ﬂ=£y=£xr =rxr——1
dx x X
EXERCISE SET 3.2: (Home Work)

7,15,22,25 Find dy / dx.

X
7. v=In
4 (1+x2)

15. y=x’log, (3—2x)
22, y= ln(cosx)
25. y= log(sin2 x)

27,28 Use the properties of logarithms to perform the indicated
differentiation.

27. %[[n((x—1)3(x2+1)4ﬂ
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28, %[Zn((cosz Wi+ x! )}

35,38 Find dy / dx using logarithmic differentiation.

35. y=x\/31+x2
3

sinx cos x tan” x

Jx

41. Find the equation of the tangent line to the graph of
f(x)=lnx at x, =e !,

38, y=

49. Verify that y=In(x+e) satisfies dy/dx=e™" , with
y=1 when x=10.

3.3 DERIVATIVES OF EXPONENTIAL AND IN VERSE
TRIGONOMETRIC FUNCTIONS :

Derivatives of Exponential Functions :

* Our next objective is to show that the general exponential
function 'y =b*(b>0,b+#1) (see Figure 0.5.1) is
differentiable everywhere and to find its derivative.

&




(Of:b-:: 1) g (b>1)

Figure 0.5.1

* To do this, we will use the fact that b” is the inverse of the
function f (x) =log, x. We will assume that b>1. With

this assumption we have Inb> 0 , so
s (x)—ﬁ[logb x]=

for all x in the interval (0,+00).
* It now follows from Theorem 3.3.1 that f~'(x)=0b" is

differentiable for all x in the range of f (x) =log, x. We
know that the range of log, x is (—oo,+oo) , S0 we have

established that b” is differentiable everywhere.

xln

* To obtain a derivative formula for b* we rewrite y =b” as

x=log, y

Remember that :
“ logyh*=x, 1 (7()=1(1 ()

and differentiate implicitly using Formula (5 ) of Section 3.2
to obtain
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7= 1 dy
yinb dx

Solving for dy / dx and replacing y by b* we have
@ _ yinb=>b"Inb
dx

Thus, we have shown that the derivative of general exponential
function b™ is

‘—g;[bx:lszlnb , (5)

* In the special case where b=e we have natural exponential
function e* ,and Ine=1, so that (5 ) becomes

d [ x x
—| e :|=e . 6
I (6)
Remember that :
* Ine=1

* The graph of natural exponential function e“ is shown in the
following figure.

Remember that :
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* Euler's constant e~ 2.71828

* Moreover , if u is a differentiable function of x , then it follows

from (5 ) and (6 ) that

dx

L[]

=b"Inb.—

du
dx

and
(3)

Example 3 :

The following computations use Formulas (7 ) and (8 )

d

v [2v]= 12" m2].

dr _s, _ d
% E[ 2 :|= 2x _x
]

Remember that :

[5*)=5"mb

*

R

2,. T

a9

Remember that :

d

dx

« du
“dx

*

[¢"]=e




Cos X

% i[ecosx:|=ecosx'i[cosx]= —(SanC)e

dx X
Remember that :

* i[cosx] =—sinx
dx

* Functions of the form f (x)=u" in which u and v are
nonconstant functions of x are neither exponential functions
nor power functions. Functions of this form can be

differentiated using logarithmic differentiation.
Remember that :
If f(x)= u’ in which uis a functionof x and vis a constant,
* then f(x) is a power function, and

_; du

f(x)=vd
For example ,

6+ s o) @)= ox(s 1) |

dx

Remember that ;
*

I f (x) = 4" in which u is a constant and vis a functionof x,

then f (x) is an exponential function, and

r — Y ﬂ
f (x)— u .lnu.dx.

For example ,

d inx | _ &= sin d . _ Smx




Remember that :

If f (x) =u" in which u and v are nonconstant funtions of x ,
then f (x) is neither power function nor
exponential functin, and use logarithmic
differentiation to find f '(x).

d 2 sinx
For example , Zx—[(x +1) } .

Example 4 : .

. . . oo d P sinx
Use logarithmic differentiation to find I (x +1 ) .
X

Solution

" . 2 sin x
Setting |y = (x +1 ) :

* Taking natural logarithm of both sides

Iny =ln[(x2 + 1 )Smx:|

Remember that :

* Ina" =rina
Iny =(Ls‘irwc)ln(x2 +1)

* Differentiating both sides with respect to x yields
1
Ldy = i[(simx) In (x2 +1 ):I
y dx dx

Remember that :

—[f(x)g(x)] S (x). [g(x)]+g(x [f(x]
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* %[lnu]=£.% , —[sinx] cos X
JITdJ; =(sinx) 21 (2x)+(cosx) ln(x + 7 )
* Multiplying both sides by y
dy 2xsinx 2
E:y [W‘F(COSJC) ln(x +1 )]

* Substttutmg for y

dy _

dx

Smx 2x smx

x2 +1

+(cosx) ln(x +I

Derivatives of the Inverse Trigonometric Functions &

* Consider the function sin™ x.
(—ﬂ/Z <x< 71'/2) then it follows that f_l (x) =S8in " x

If we let f(x)=sinx

1

will be differentiable at any point x where cos(sin_l x) % 0.

This is equivalent to the condition

1

. - T
Sitn X #——
2

. VA
and sin Ix;&E

so it follows that sin™' x is differentiable on the interval

(-1,1).

Remember that :
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* A derivative formula for sin™' x on (—1 1 ) can be obtained by
using Formula (2) or (3) or by differentiating implicitly.

Rewriting the equation y= sin~!

X as x=siny and
differentiating implicitly with respect to x , we obtain

“[x]=[siny]

Remember that @

. dy . du
" —[sm u] =cosSU.—
dx _

1=cosy.d—y

dy 1 1

dx cosy cos(sind x)

* This derivative formula can be simplified using identity
indicated in Figure 3.3.3.
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V1 —x?

cosism x) —. \}.l 7 x*
Fzgure 3 3.3

This yields
dy _
dx I1-x?

* Thus , we have shown that
d‘i[sm Ix:l ! (-1<x<1)

VI-x?
* More generally , If u is a differentiable function of x , then the

chain rule produces the following generalized version of this
formula :

d -7 1 du
sin " u . —I<u<l
| sin = raparll )
* The method used to derive this formula can be used to obtain
formulas for the remaining inverse trigonometric functions.

L r—
_-i':-tan Ix] >
dxt- I+x
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d

x:l= _ 31. - I:'csc_l Jé]='— 1
" xWx?or o dx- |x [Vx? -1

* The following is a complete list of generalized formulas, each

of which is valid on the natural domain of the function that
multiplies du / dx .

;_x I:sec -1

If uisa diﬁ”eféntidble ﬁ__t_'h_c.tion of x, then
| d‘_ 1 dul sl
"u|= e E Y ()
J—y? dx|

| E _cos ; :I __ - 2. . = o i- .. (1 0 )
]

=T v (11)

T ‘ (2)

o dx I:CSC “1= | -7 dx| (M)

Example 5 :
Find dy / dx if

(@) y =sin”’ (x3) (b) y =sec”’ (ex)
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Solution

(b) y =sec™ (ex‘)

\ J

Remember that :

* ilisec Iu:l ! @
dx | |~/u2—1 dx

%

2
; 2
Since e* > 0 on (— oo,oo), then |ex|= e* (ex) =e¢“*

EXERCISES SET 3.3: (Home Work)

21,26 Find dy / dx.
2] y=ex tanx
26. y =ln(cosex)

7¢




29.If f(x)=7"%, find f'(x) by Formula (7) and then by
logarithmic differentiation .

31,32 Find dy / dx using the method of logarithmic
differentiation .

31 y= (x3 ~ 2x)lnx

sinx

32. y=x
42.If y= 2" find dy / dx using any method.

43,47,56 Find dy / dx.
43. y=sin"! (3x)
47. y=tan™’ (x3)
56. y=csc™! (ex)

77




CHAPTER (3)

THE DERIVATIVE IN GRAPHING
AND APPLICATIONS

4.1 ANALYSIS OF FUNCTIONS I : INCREASE |,
DECREASE , AND CONCAVITY : ’ S

Increasing and Decreasing Functions :

* The terms increasing , decreasing , and constant are used to
describe the behavior of a function as we travel left to right
along its graph. For example , the function graphed in Figure
4.1.1 can be described as increasing to the left of x =0,
decreasing from x =0 to x =2, increasing from x =2 (o
x =4 , and constant to the right of x =4.

_—

{

\ |

N :
Increasing Decreasing | Increasing % Constant X

i
{
]
|
!
0 2 4

Figure 4.1.1

4.1,1 Def' mtzon

Let f be def ned on an mterval and let Xy and X, 2 denote
pomts in that mterval S 3 i

(a) f is mcreasmg on the mterval {f f (x 1)< f (xz)
"-whenever X <x2 | L EA

(5 f is decreasmg on the mterval zf f (x ; ) > f (x 2)
' whenever xI <x2 | | = |

7%




points x; and x, .

Increasing Decreasing
T WM‘}"""‘”’RM Constant

| |
1 |

flx) | | i
{ f(_b) i H ("" l) I ft«"z)
| | |

» ‘ | > | *

XI X2 «\'] X2

| x) < ) ifxg <y

(a)

| ) > ) i <
(b) ©
Figure 4.1.2

fln) = F(vg) for all X and x2

* Figure 4.1.3 suggests that a differentiable function f is
increasing on any interval where each tangent line to its graph
has positive slope , is decreasing on any interval where each
tangent line to its graph has negative slope , and is constant on
any interval where each tangent line to its graph has zero
slope.

4

b ¥

L
-
L

LA

¥

AAAAAAAA

has positive slope. !

Each tangent line |
- has zero slope. |

Eéch tanﬁent line 7
has negaiive slope,

Figure 4.1.3
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4.1.2 Theorem : Page (233)

Let f be a function that is continuous on a closed interval

[a b] and differentiable on the open interval (a,b).

(a) If f (x)>0 for every value of x in (a b) then f is

- increasing on [a b]

(b) Iy (x)<0 for every value of x in (a b) then f is
deereasmg on [a b] o |

(c) I /' (x) 0 for every value of x in (a b) then f is

_ constant on. [a b] - | IR

* Observe that the derivative conditions in Theorem 4.1.2 are
required to hold inside the interval [a,b] , even though the

conclusions apply to the entire interval,

* Although stated for closed intervals , Theorem 4.1.2 is
applicable on any interval on which f is continuous. For

example , if f is continuous on [a,+) and f'(x)>0 on
(a,+) , then f is increasing on [a,+0) ; and if fis
continuous on (—w,+») and f'(x)<0 on (—w,+x) , then
[ is decreasing on (—,+ ).

Example 1 : Page (234)
Find the intervals on which f (x) =x? —4x +3 s increasing

and the intervals on which it is decreasing.
Solution

f(x)=x"—4x+3

%0




* The graph of f in Figure 4.1.4 suggests that f is decreasing
Jor x <2 and increasing for x > 2.

AN

-1

() =x2—ax+3 '

%’igure 4.1.4

* To confirm this , we analyze the sign of f'. The derivative of
fis
fl(x)=2x-4=2(x-2)
Remember that :

* %[xr:|= Farl

1t follows that
Fr(x)<0 if x<2
[’ (x) >0 if 2<x
* Since f is continuous everywhere , it follows from the
comment after Theorem 4.1.2 that

fzs decreasmg on (— 0, 2] '

[ is increasig on [2,+®) |’

%1




* These conclusion are consistent with the graph of f in Figure
4.1.4,

Example 2 : Page (234)
Find the intervals on which f (x) =x7 is increasing and the

intervals on which it is decreasing.
Solution

f(x)=x
* The graph of f in Figure 4.1.5 suggests that f is increasing
over the entire x-axis.

-4+

e ;x3§
Figure 4.1.5
* To confirm this , we differentiate f to obtain f'=3x".

Thus ,

Remember that :

® -:—x[_x":l =rx"!
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f'(x)>0 if x<0
f'(x)>0 if 0<x

* Since f is continuous everywhere ,

[ s increasig on[0,+) |’

* Since f is increasing on the adjacent intervals (—o0,0] and
:0,+ oo) , it follows that f is increasing on their union

Example 3 : Page (234)
(a) Use the graph of f(x) =3x*+4x°> —12x° + 2 in Figure
4.1.6 to make a conjecture about the intervals on which [

is increasing or decreasing.
(b) Use Theorem 4.1.2 to determine whether your conjecture is

correct.

Ay

20

-0

=3 +408 — 1242 +2

Figure 4.1.6
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Solution
f(x)=3x*+4x° —12x° + 2
(a) The graph suggests that the function [ in Figure 4.1.6 is
decreasing if x <—2 ,increasing if —2<x<0, decreasing
if 0<x<1,andincreasingif x=1.

(b) Differentiating f we obtain
fr=12x" +12x° - 24x

= 12x(x2 +x—2) =12x(x+2)(x-1)

* The sign analysis of f' in Table 4.1.1 can be obtained using
the method of test points.

Table 4.1.1
Interval | (12x)(x+2)(x=1) | f'(x) Conclusion
x<=2 | ()OO _ | £ is decreasing on (=e0,~2]
2<x<0|  ()H)E) + | fisincreasing on [~2,0]
0<x<l | ($)#)(-) _ | fisdecreasing on [0,1)
I<x | (D) |+ | 7 isincreasing on [1,+0)
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Concavity : Page (235)

* Figure 4.1.8 suggests two ways to characterize the concavity of

a differentiable function [ on an open interval :
AY AY

Concave

Y
¥

Increasing slopes Decreasing slopes

Figure 4.1.8

® [ is concave up on an open interval if its tangent lines have

increasing slopes on that interval and is concave down if they
have decreasing slopes.
e [ is concave up on an open interval if its graph lies above its

tangent lines on that interval and is concave down if it lies
below its tangent lines.

4.1.3 Def' nition : Page (235)

If f lS dzﬁ"erentmble on an open interval , then f s satd to be
concave up on the open mterml if f ' s mcreasmg on that
';mterval and f- is sazd to be concave down on the open mterval
if f g s deereasmg on that interval, | s

4.1.4 Theorem : Page (235)

Let f be twice dtjferentmble on an open lnterval T
(a) If f "(x) > 0 for every value of x in the open mterval then
f is concave up on that interval, - BTG e

%5




() If f"(x)<0 for every value of x in the open interval , then
f is concave down on that interval, |

Example 4 : Page (235)
Find the intervals on which f (x) =x’—4x+3 and

f (x) =x" are concave up and concave down.
Solution
f(x)=x? —4x+3

AY

F lgure 4 L 4
* Figure 4.1.4 suggests that f (x) =x? —4x +3 is concave up

on the interval (— 00,+00) : This is consistent with
Theorem 4.1.4, since f'(x)=2x—4 and f"(x)=2,s0
Remember that :

® %[x":l=rxr_1

f'"(x)>0 on the interval (-0, + ) .
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9=
Figure 4.1.5

* Also , Figure 4.1.5 suggests that [ (x) =x7 is concave down

on the interval (— 00, 0) | and concave up on the interval

(0,+°0) . This agrees with Theorem 4.1.4 , since
f'(x) = 3x? and f"(x) =6x,s0
f(x)<0 if x<0 and [f"(x)>0 if x>0.

Inflection Points : Page (236)

* We see from Example 4 and Figure 4.1.5 that the graph of
f (x) =x’ changes from concave down to concave up at

x=0. Points where a curve changes from concave up (o
concave down or vice versa are called inflection points.
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4.1.5 Definition : Page (236)

If [ is continuous on an open interval containing a value x, ,
and if f changes the direction of ifs concavity at the pomt
(xo ’ f (x0 )) then we say that f has an mﬂectzon pomt at xo )

Figure 4.1.9

Example 5 : Page (236)
Figure 4.1.10 shows the graph of the function

f (x) =x’ —3x°+1. Use the first and second derivatives of f
to determine the intervals on which f is increasing , decreasing ,

concave up , and concave down. Locate all inflection points and
confirm that your conclusions are consistent with the graph.

3%




| 1 =r-3241

Figure 4.1.10
Solution

f(x)=x3 ~3x° +1
* Calculate the first two derivatives of [ we obtain
f(x)=3x% ~6x=3x(x-2)
Remember that :

* %[xr]ﬂxr_;

f"(x)=6x—-6=6(x-1)
* The sign analysis of these derivatives is shown in the following
tables :

mterval | (3x)(x=2) | f'(x) Conclusion
x<0 1 (=)E) + [ is increasing on (—0,0]
0<x<2| (H)(-) - [ is decreasing on [0,2]
x>2 - (+)(+) + f is increasing on [ 2,+00)

29




Interval 6 (x —1 ) f ' (x) Conclusion
x <1 (—) — [ is concave down on (— 00,1)
x> 1 (+) + f is concave up on (1,+00)

* The second table shows that there is an inflection point at
x =1, since f changes from concave down to concave up at

that point. The inflection point is (1, f (1)) = (1,—1) . All
of these conclusion are consistent with the graph of [ .

EXERCISE SET 4.1:

15. f(x)=x2—3x+8
16. f(x)=5-4x-x°

19. f(x)=

3x? —4x’

(Home Work) Page (241)

15,16,19,20 Find : (a) the intervals on which f is increasing ,
(b) the intervals on which f is decreasing ,
(c) the open intervals on which f is concave up ,

(d) the open intervals on which f is concave down
and (e) the x-coordinates of all inflection points.

20. f(x) =x*—5x° +9x°




4.2 ANALYSIS OF FUNCTIONS II: RELATIVE EXTRMA;
GRAPHING POLYNOMIALS : Page (244)

Relative Maxima and Minima :

* If we imagine the graph of a function [ to be a two-
dimensional mountain range with hills and valleys , then the
tops of the hills are called "'relative maxima,'’ and the bottoms
of the valleys are called '"relative minima' (Figure 4.2.1).

Highest
mountain

Relative
maximum

. ;_-Relatwe

' mlnlmum ‘ .(.‘.Deepest
v ~valley -
thure 4.2.1
4.2.1 Defi nition : P, age ( 244)

A functwn f lS sald to have a relatzve maxtmum at xo y“ there .r,s

Slmzlarly , f is satd to have a relatzve mmtmum at xo l_f there is
an open mterval contamzng Xg on which f (x,,) is the
smallest value , that is , f (%)< f(x) forallxin the interval.

If f “has either a relatzve maxzmum ora relatzve mmzmum at
xo y then f is Sald to have a relatzve extremum at xo |




Example 1 :
* We can see from Figure 4.2.2 that :

AY

— b0 W 4 Lh Oh

Page (244)

—3-2-1 |

AY

W e Wun

|
! nj 2n
| 1}
/2
-3
y:%x‘—%x3—xz+4x+l Ly:F?sx

Figure 4.2.2

o f(x)=x’ has a relative minimum at | X =0
maximad.
o f (x) = x” has no relative extrema.

o f (x) = x> —3x+3 has a relative maximum at | .

a relative minimum at | x=1 1.
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1 4
U f(x)ﬁ—x"——xj—x +4x+1 has a relative minima at

X = —1 and | X= 2| and a relative maximum at| X =1

o f (x) =cos x has a relative maxima at all even multiples of 7
and relative minima at all odd multiples of 7 .

* In general , we define a critical point for a function [ to be
a point in the domain of [ at which either the graph of f
has a horizontal tangent line or f is not differentiable. To
distinguish between the two types of critical points we call x
a stationary point of [ if f' (x) =0 (Figure 4.2.3).

ALY Point of
nondifferentiability

I
Pomt ofi

|
|
i 1 nondlfferentiabmty
! i || | g
X

'1 X2 ;\’3 .34 XS
Figure 4.2.3
* The points X, Xy, X3, X;,and xg are critical points.  Of

these, x, , X, , and x; are stationary points.

Theorem :4.2.2 Page (245)

Suppose that f__. is a ﬁmctzon def ned on an open mterval
contammg the pomt x0 : I r has a relattve extremum at
X = x0 s then x x,, is a crztzcal pomt of f that zs , etther

f (xo) 0 or f is not dtﬂ’erentmble at x0
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Example 2 : Page (245)
Find all critical points of f (x) =x’ =3x+1.
Solution
f(x)=x’-3x+I
* The function f, being a polynomial , is differentiable
everywhere , so its critical points are all stationary points. To
find these points we must solve the equation f '(x)= 0 .

Since

fr(x)=3x"-3=3(x" =1)=3(x+1)(x-1)

Remember that :

o d ol 2 g2 3
E[xr]—rxr , @’ ~b” =(a+b)(a b)

* We conclude that the critical points occur at | X=—1 | and

'x=1|. This is consistent with the graph of f in Figure
4.2.4.

T
Figure 4.2.4
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Example 3 :
Find all critical points of f (x) =3x7 15X,
Solution
f(x) = 33573 15523
* The function f is continuous everywhere and its derivative is
f1(x)=5x""7 —10x7"""

Page (245)

Remember that :

* dix_[xr]= rxr—l

=5x 1’ (x_Z)

oyt

* We see from this that f'(x)=0 if x=2 and [f'(x) is
undefined if x=0. Thus | X=0| and | X=2 | are critical

points and | X =2 | is a stationary point. This is consistent
with the graph of f shown in Figure 4.2.5 .

AY /

L
6

¥

_ [ T B
-1 {1 2 3 4

J, 3/}5'{3 ISXJ’J

Fzgure 4.2.5
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First Derivative Test :

Page (246)

* Theorem 4.2.2 asserts that the relative extrema must occur at
critical points , but it does not say that a relative extremum
occurs at every critical point.
critical points in Figure 4.2.6 , relative extrema occur at each
X, in the top row but not at any x, in the bottom row.

Moreover , at the critical points in the first row the derivatives
have opposite signs on the two sides of x, , whereas at the

critical points in the second row the signs of the derivatives are

the same on both sides.

For example , for the eight

This suggests :

A function [ has a relative exremum at those critical points
where f' changes sign,

Stationary point
Relative maximum

F o 4

/N

i
X

X
Lol

Not a stationary point
Relative maximum

l'altiéal point

B

AY

x
:

!

!

]
Xy

Critical paint
Stationary point
Relative minimum

AY

N

|

!

|
X0

¥

Critical point
Not a stationary point
Relative minimum

Stationary point
Inflection point
Not a relative extremum

Stationary point
tnflection point

| Critical point g

Mot a relative extrernum i

Not a stationary point
Inflection point
Not a relative extremum

AY Ay AY I Wi
r/ \q I i
/7. \\ | i
x ; L ; | x
% 5 i X ! X |
Critical point Critical point . Critical point

Not a stationary point
Inflection point
Not a relative extremum

Figure 4.2.6
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4.2.3 Theorem_ (First Derivative Test): Page (247)

Suppose that [ s continubus at a critical point x,.

(a) If r’ (x) >0 on an open interval extending left from x,
~ and f' (x) <0 on an open interval extendmg rlght from
- Xy, then f has a relattve maximum at x,.

.- (b)If f (x) < 0 on an open mterval extendmg left from xo_

(c) If f (x) has the Same sign on an: open mterval extendmg
left from xa “as it does on an open mterval extendmg right
- from_ Xy s then [ does not have a relative extremum at x,.

Example 4 : Page (247)
We showed in Example 3 that the function
f (x) =3x""7 —~15x?"° has critical points at x=0 and
x=2. Figure4.2.5 suggests that  has a relative maximum at

X =0 and a relative minimum at x = 2. Confirm this using the
first derivative test.

Solution
* We showed in Example 3

fr(x) = §x2/3 _ 10x 3= 55173 (x _2) _ —

Remember that :

* %[xr:l =rx"!
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* A sign analysis of this derivative is shown in Table 4.2.1

Table 4.2.1
Interval 5(x—2)/x1/3 f'(x)
Cx<0 | (/06 +
0 <__x___<'2 (+)/(-) -
x>2 (+)/(+) T

* The sign of f' changes from + to — at | X =0, so there is
a relative maximum at that point. The sign changes from —
to + at | X=2 |, so there is a relative minimum at that point.

Second Derivative Test : Page (247)

* There is another test for relative extrema that is based on the
following geometric observation : A function [ has a relative

maximum at a stationary point if the graph of f is concave

down on an open interval containing that point , and it has a
relative minimum if it is concave up (Figure 4.2.7).

f’<0
Concave down

\ 50
~, Concave up

Retative Relativa
maximum minimum

9%




Figure 4.2.7

4.2.4 Theorem (Second Derivative Test): Page (247)

Suppose that [ is contmuous at a critical point Xo»

(a) If f (x) 0 and f ”(x)>0 , then f has a relatzve

(b) If Vi (x) 0 and f"(x)<0 "the:_nf:. ! has arelatlve
maxtmum at x0

(c) If f (x) 0 and f "(x) 0, then the test is mconcluswe,
that is f may have a relative maxtmum : a relattve
minimum , or neither at Xy

Example 5 : Page (248)
Find the relative extrema of f (x) =3x° —5x7.
Solution
f(x)=3x"-5x
* We have

£i(x)=15x" - 15x7 = 155" (x* - 1)
Remember that :
* %I:xr]=rx"‘1
* g% —p? =(a+b)(d—b)
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f"(x)=60x" —30x =

_30x(2x2 —__1)

* Solving f'(x)= 0 yields the stationary points x=0, x=—1

,and x=1,

* As shown in the following table , we can conclude from the

second derivative test that  has

Stationary Point 30x(2x2 _1) f"(x)

Second Derivative Test

Cx=-1 | -30
—0 0

0 Inconclusive

+

[ has a relative maximum

S has a relative minimum

a relative maximum at | x =—1

and a relative minimum at

*

The test is inconclusive at | Xx=0

, S0 we will try the first

derivative test at that point. A sign analysis of f' is given in

the following table :

Interval 15x° (x+1)(x-1)

f'(x)

crex<e [0 |-

* Since there is no sign change in f' at | x=0
neither a relative maximum nor a relative minimum at that
point. All of this is consistent with the graph of [ shown in

Figure 4.2.8.

[00

, there is




y=3x"-5x3

Figure 4.2.8

EXERCISE SET 4.2: (Home Work) Page (252)

7,8 Locate the critical points and identify which critical points
are stationary points .

7. f(x)=4x? -16x% +17
8. f(x) =3x*+12x

33,34 Find the relative extrema using both first and second
derivative tests .

33 f(x)=1+8x-3x*
34. f(x) =x? - 125’

37. Use any method to find the relative extrema of the function
f(x) =x? —4x7 +4x°




CHAPTER %)
INTEGRATION

5.2 THE INDEFINITE INTEGRAL :
Antiderivatives :
5.2.1 Definition :

A functton F is called an antzderzvatzve of a functzon f on
a gzven open mterval zf F'(x) =f (x) for all x in the interval.

1 ;. o
* For example , the function F (x) = 3—x3 is an antiderivative

of f(x)= x? on the interval (- ®,+) because for each x
in this interval

F'(x)=;1d—[§x3}=x2 ~f (%)

X

] L] L -
* However , F (x) = §x3 is not the only antiderivative of f
1
on this interval. If we add any constant C to §x3 , then the

function G (x) = %x'? +C is also an antiderivative of [ on
(- o0, +x) , since
G'(x)=i[£x3 +C}=x2 +0 =f (x)
dx |3

* In general , once any single antiderivative is known , other
antiderivatives can be obtained by adding constants to the
known antiderivative. Thus ,
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1
£x3 ) §x3 +2 , £x3 -5, }x3+x/5

are all antiderivatives of f (x) =x’.

5.2.2 Theorem :

If F (x) is any anttderzvattve of f (x) on an mterval then
for any constant C the functlon F (x)+C is also an

anttderzvatzve on that mterval Moreover each anttdertvattve
of f (x) on the interval can be expressed in the form

F (x) +C by choosmg the constant C approprmtely

The Indefinite Integral :

* The process of finding antiderivatives is called
antidifferentiation or integration. Thus , if

C[F()]=/ (x) (1)

then integrating (or antidifferentiating) the function f (x)
produces an antiderivative of the form F(x)+C. To
emphasize this process , Equation (1) is recast using integral

notation,

[f(x)dx=F(x)+C (2)

where C is understood to represent an arbitrary constant. It
is important to note that (1 ) and (2) are just different

notation to express the same fact. For example

1
Ixz dx =£x3 +C  is equivalent to i|i—)(:3]=x‘?
3 dx |3
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* Note that if we differentiate an antiderivative of f (x) we
obtain f (X) back again. Thus,

L7 a]=r () (3)

* The expression [ f(x)dx is called an indefinite integral.
The function f (x) is called the integrand, and the constant
C is called the constant of integration.  Equation (2)
should be read as:

The integral of f (x) with respect to x is equal to F(x) plus
a constant C,

* The differential symbol , dx , in the differentiation and
antidifferentiation operations

d
E[ ] and _[ [ ] dx
serves to identify the independent variable.

* Here are some examples of derivative formulas and their
equivalent integration formulas :

Derivative F ormula Eqmvalent Integmtzon Formula
ar 3] 3x I3x dr=x’+C
dx Sl £
g
dx[J_] 2\/_ J Fdx ‘\/_'I'C
—[tant] sec t | .. sec t dt —tant +C
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i 3/27_3 1/2 3
.dul:u :I."-Z“-” Izul/z du=u’"? +C

* For simplicity, the dx is sometimes absorbed into the
integrand. For example,

II dx can be written as I dx

2

! dx
I ~-dx  can be written as I =
. X

Integration Formulas :

* Some of the most important basic integration formulas are
given in Table 5.2.1.

Table 5.2.1
Integration Formulas

Derzvattve F ormula Egquivalent Integration Formula

| 1‘._! x]=1 | fJex=x+C
.d.' xf+.1 o o e » | Jf.r+1 SRR
— r;t—] "dx="——4+C {r #-1

o dx [f +1] ( | ) =& r+l _( Y )

3 % reinxl=cosx cos x dx =sinx+C

A= —cosx]=smx | |sinxdx=—cosx+C

5—— [ tan x] -sec’ x " I Sé_c;z_'x dx:t‘mx"‘C

6— — cot x] 0302 X . .I(.Z'SC_.:Z x dx = — cot x +C
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74
dx

d

104
" dx

11 .-d
12d
o odx
13. =
“dx

144

| ::-_'d'x_

[seéx] = sec x tan x

[—' cscx] = CSC x. cot x

o)

[

bx
Inb

1

lnlxl]—

1

1 +x?

_=_—-,——1':_x2

} b (0<b b¢1)

ec_.1|x-| = 1_-

secx tanx dx =secx +C

csex cot x dx =—csex +C

e dx =ex +C

. | |
- —— 1
_lnb+c(0<b b;t )

'bx d

j‘idx =ln|x’+C
x

J.‘..]

1+x
JJ—_
[

S dx —ta.n x+C

dx =sin~! x +C

dx—sec 1 x+C
| |

* Note that the second integration formula in Table 5.2.1 will be
easier to remember if you express it in words :

To integrate a power of x (other than —1), add 1 to the exponent
and divide by the new exponent.

Example 1 :

Evaluate the following integrals

I x* dx 3
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Remember that :

' . xr+1 ;
fx dx=r+1+C (r=- )
_x4_ .
* ILde=Ix_5 dx r=-5
X
-5+1 1
-5 +1 4x
1
I\/mdx Ixz dx r=-
—+1 3 — - - _
2 5 2/, —\3
1 3 3N 7
5+1

Properties of the Indefinite Integral :
5.2.3 Theorem

Suppose that F (x) and G (x) are anttdertvattvcs of f (x)
and 8 (x) rcspccttvebz , and that ¢ ts a constant Thcn

(a) A constant factor can be movcd through an mtcgral szgn ;
thatzs,- | - | T

J‘cf(x)dx—cF(x)+C.-

(b) An anttdcrtvattve of a sum is thc sam of the anttdcrtvattvcs ;
that ts y S |

| I[f(x)+g(x):| dx = F(x)+G(x)+C |
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(c) An antiderivative of a difference is the dlﬁ“erence of the
‘antiderivatives ; that is ,

I [f(x)—g(x)] dx=F(x)—G(x)+C

Example 2 :
Evaluate

(a) I4cosx dx (b)j(x+x2)dx

Solution
(a) _f 4 cos x dx , since F(x)=sinx is an antiderivative for

f(x)=cosx (Table5.2.1), we obtain
[ 4cosx dx =4 [ cosx dx =[sinx +C .
Remember that :
*fef(x)ac=c| f(x)dx=cF(x)+C

® fcosx dx=sinx+C

(b) j (x +x? ) dx , from Table 5.2.1 we obtain

_[ (x +x2)dx = I x dx +I x? dx = x7+.1c3_+c .

Remember that :
o JLA(x)+a(x)] de=[ f(x) dx+ | g(x) dx
=F(x)+G(x)+C

r+1

* fx"dx=x

r+1+C (r#—])
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* Parts (b) and (c) of Theorem 5.2.3 can be extended to more
than two functions , which in combination with part (a) results
in the following general formula :

[Lerfi () +es fr (x)+ete, o (x)]dx
=¢, [ fi (x)dx+c; [ £, (x)dx +..+¢, [ f, (x)dx

(7)

Example 3 :
Evaluate I (3x6 —2x? +7x+1) dx.

Solution
I(.?xﬁ ~2x% +7x +1)dx

=3[ x* dx- 2[x dx+7jx¢x+j1dx

3x7 Zx 77Xt
Y [ 3L +x+C ,
7 3 2

Remember that .

r+1

* j‘xrdx=_x

r+1+C (r=-1)

* Sometimes it is useful to rewrite an integrand in a different
Jorm (simple form) before performing the integration. This is
illustrated in the following example.

Example 4 :
Evaluate

@ |

Ccos X

2
dx (b) _[tt—ftdt

Sll’l X

2
© [
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Solution

Ccos X 1 cosx
(a) _[ — dx=I , —— dx
sin“ x sinx sinx
Remember that :
1 COS X
* — =—¢scx , ——=colx
Sin x Sinx
=I escex cot x dx = | —cesex +C |,

Remember that :

* I csex cotx dx=— csex+C

Remember that :

2 aib=gié , i___x"—m

c c ¢ x™
g1
= (z‘z —Z)dx LN Ve

Remember that :

. . xr+1
[ 2" dx= r+1+C (r=-1)

s
2
(c) _[ 2x+1 dx , by adding and subtracting 1 from the
X

numerator of the integrand , we can rewrite the integrand in
a form in which Formula 1 and 12 of Table 5.2.1 can be
applied :
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Remember that ;
« atb_a_ b
c c C

{ (1= )i [mmnTxic]

Remember that :

xr+1

r+1

* Ix’dx= +C (r=-1)

* L av=manx+C
I+ x

Integral Curves :

* Graphs of antiderivatives of a function f are called integral
curves of f. We know from Theorem 5.2.2 that if y=F (x)
is any integral curve of f (x) , then all other curves are
vertical translations of this curve, since they have equations of
the form y =F(x)+ C.

3

1
* For example, y= Ex is one integral curve for f (x) = x?,

so all other integral curves have equations of the form

_ 1 ) .
y= §x3 + C ; conversely , the graph of any equation of this

form is an integral curve (Figure 5.2.1).
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Figure 5.2.1

Example 5 :
Suppose that a curve y=f (x) in the xy-plane has the property
that at each point (x, y) on the curve, the tangent line has

slopex’. Find an equation for the curve given that it passes
through the point (2,1 )

Solution

* Since the slope of the line tangent to y = f (x) isdy/dx ,we
have dy / dx = x° , and

2 1 ;
=l x“dc=—x"+C
y=| 3

Remember that :

xr+1

* roa.
Ix dx—r+1

+C (r#-1)




* Since the curve passes through (2,1) , a specific value for
can be found by using the fact that y=1 if x=2.
Substituting these values in the above equation yields

1=1(z)3+c or C=->
3 3

* S0 an equation of the curve is

(Figure 5.2.2).
AY
al
- (2. 1)
_|3 1 | /l 1 ; >
4+
‘}‘;‘_;' 1g_3
Figure 5.2.2
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EXERCISE SET 5.2: (Home Work)

15,19,21,23, Evaluate the integral and check your answer by
25,29,32,33  differentiating.

15, | x(1+x") dx

Igj'x +2x —Idx
x

21. .F£+3e ]dx
* X

23. .' _3 sinx —2 sec? x:l dx

25. .' secx(secx+tan x) dx

sin x

29, j dx
COS X
32. -secx+cosxdx
. 2C08 X

33 [|—A—- = | dx

"l o1=x? I1+x
5.3 INTEGRATION BY SUBSTITUTION :
u-Substitution :

* The method of substitution can be motivated by examining the
chain rule from the view point of antidifferentiation. For this
purpose , suppose that F is an antiderivative of [ and that

g is a differentiable function. The chain rule implies that the
derivative of F ( g (x )) can be expressed as
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“[F (g (x))]=F'(e(x) &' (x)

dx
which we can write in integral form as

[F'(g(x)) g’ (x)dx =F (g (x))+C (1)
or since F is an antiderivative of [,
[rg@) e (x)ax=F(zg(x))+c  (2)
* For our purpose it will be useful to let |u=g(x)| and to
write du/dx =g'(x) in the differential form
du=g'(x)dx|. With this notation (2) can be expressed
as

[f(u)du=F(u)+C (3)
The process of evaluating an integral of form (2) by
converting it info form (3) with the substitution

u =g(x) and du =g'(x)dx

is called the method of u-substitution.

Example 1 :
50
| Evaluate I(xz +1) 2x dx.
Solution
P 50
I(x +1) 2x dx
* If we let u=x>+1|,then
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du/dx =2x ,
which implies that du =2x dx.

Thus , the given integral can be written as
2 50 50
J(x*+1)" . 2x ax=[u” au

Remember that :
r+I
* ju ax="—+cC (r#-1)
r+1

Gutdelmes for u-Substttatwn

:Step 1 Look for some composztton f (g (x ) within the
L mtegrandfor whtch the sabstztutzon R

u—-g(x) , du g(x)dx.

| proauees an integral that is expr_ess_ed_ entirely i_n"tefrms
of u and its dszerenttal du. This may or may not be
posszble | o

Step 2 If you are successfal in Step 1 then try to evaluate the

| resaltmg integral in terms of u. Agam thls may or
may not be posszble | o T e

| Step 3 If we are successful in Step 2, then replace u by 4 (x)
e to express your fi fnal answer m terms of .

Easy to Recognize Substitutions :
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* The easiest substitutions occur when the integrand is the
derivative of a known function , except for a constant added to
or subtracted from the independent variable.

Example 2 :
Evaluate

(a) Isin(x+9)dx. (b)j(x—8)23dx.
Solution

(a) _[sin(x+9)dx.
* If we let u=x+9|, then

du =dx .
Thus , the given integral can be written as

Isin(x+9)dx =Isinu du

Remember that :

® Isinu du=— cosu+C

=—cosu+C =| —cos(x+9)+C |.

®) [ (x-8)" dx.
* If we let u=x-8|, then
du =dx .
Thus , the given integral can be written as

I(x-—-8)23 dx =Iu23 du

Remember that :

ur+]

r+1

* Iurdxz +C (r;ﬁ—l)
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u24 (x_8)24 ;
=57 2 Y

* Another easy u-substitution occurs when the integrand is the
derivative of a known function , except for a constant that
multiplies or divides the independent variable. The following
example illustrates two ways to evaluate such integrals.

Example 3 :
Evaluate I cos 5x dx.
Solution
_[ cos 5 x dx
* If we let u=5x|,then
du=5dx,

1
which implies that 3 du =dx.
Thus , the given integral can be written as

IcosSx dx=—;—j‘cosu du

Remember that :

* I cos du=sinu+C

* More generally , if the integrand is a composition of the form
f (ax + b) , where f (x) is an easy to integrate function , then

the substitution |\ =ax +b |, du =adx will work.

Example 4 :
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dx

5 L]
3
Solution

J- dx

Evaluate _f

*Ifwelet u=—-x-8|, then

which implies that 3 du =dx.
Thus , the given integral can be written as

=3[ L au-3[u au
H

=

Remember that :

ur+1
* Iurdx=r+1+C (r;t—l)
=3 —— =|=-=]—x=8 | +C,
3 y +C E 4(3 ; ]

Example 5 :

Evaluate f dx -

1+3x
Solution
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dx dx
J 1+3x? J

= 2

+(\3 x)
* Substituting | # =3 X |, then
du = J3_dx , SO

1
—du =dx
J3
Thus ,

J' dx _ J-

1+3x? 37 1+4?

Remember that :

*
I1+u

=Lttm_1u+C= %tan -(\/_x)+C .

V3 J3

du= tan L u+C

* With the help of Theorem 5.2.3 , a complicated integral can
sometimes be computed by expressing it as a sum of simpler
integrals.

Example 6 :
Evaluate _[ ( + sec xx]dx.

Solution
1 2 1 2
I —+sec” mx |dx =I —dx +_[ sec” wx dx
X X
= ln[xl+j sec’ mwx dx
Remember that :

* jédx=ln|xl'+c
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* To evaluate Isecz 7x dx , substituting

U=7rx|,then

du =mdx , so 1a’u =dx

7
Thus ,
1 2 1 2
I(~+sec ﬂx]dx=ln|x}+~j‘sec u du
X T

Remember that :

* Iseczu du=tanu+C

=ln[x|+£tanu +C
z

_ | tn|x|+ L tanzx+C |,

* The next four examples illustrate a substitution (U =g (x )

where g (x) is a nonlinear function.

Example 7 :
Evaluate I sin’ x cos x dx.
Solution

1] -+ 2
Is:nzx cos x dx =I (smx) cos x dx

* Substituting u=sinx |, then
du =cos x dx .

Thus ,

_[Sinz X cos x dx =I u’ du
Remember that :
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Example 8 :

Evaluate I (i/_ dx .
X

Solution

* If we let u=x|, then

1
du =——=
2Jx

1
dx , so 2du=—dx .
Jx
Thus ,
e’/‘;
I——dx =2Ie”du

Jx

Remember that :

* Ie“du:e"+C
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Less Apparent Substitutions :

* The method of substitution is relatively straightforward,
provided the integrand contains an easily recognized
composition f ( g(x)) and the remainder of the integrand is
a constant multiple of g'(x). If this is not the case, the
method may still apply but may require more computation.

Example 11 :

Evaluate _f xix—1 dx.
Solution

sz Nx—1 dx

*Ifwelet |u=x-1|,then u+I1=x and
du =dx

Thus ,

Ixzx/x_—_ldx=j(u+1)2 Ju du

Remember that :

* (aib)2 =a’+2ab+b*

I (u2 +2u+1)u1/2 du
_ J‘ (u5/2+2u3/2 1/2) du
Remember that :
ur+1 '
* [ dx= +C (r=-1)
r+1

u7/2 u5/2 u3/2

C
7/2 5/2+3/2+
_ -:—-(x 1)7/2+ ( _1)5/2_|_ ( )3/2+C .
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Example 12 :
Evaluate I cos® x dx .

Solution
j cos® x dx

* Icos3x dx=I cos’ x cos x dx

Remember that :
2

® x=1

cos® x + sin

=I (I—Sinz x) cos x dx

* We can then evaluate the integral by substituting

u==sinx
du = cos x dx

* Therefore,
_[ cos’ x alx=_[ (1— u2) du

Remember that :

ur +1

% rog._
Iu dx—r+1

+C (r=-1)

3
U

=u——+C
3

= | sy sin x4+ €.

* The generalizations of Formula 12, 13, and 14 in Table 5.2.1
for a >0 are

: 1 1 -1 U
Iaz +u2 du =;tan ;-I‘C (5)
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124C ; |u|<]al

1 .
I\/_Z___Zdu=sm Ia

j £sec “liC ; \u|>|a
uVu —a’ a
Example 13 :
dx
Evaluat
valuate _[ Rt

Solution
J a2 +x?

* Applying (5 ) yields

j' .."1tan‘ . -.-+C :
a2 +x? e a

Remember that :

(6)

, 1 1 -1X
“‘fj > - dx=—tan —+C

a

Example 14 :

dx
Evaluate .
I V2 —x 2
Solution

j- dx _ 1 dx

b [y

* Applying (6 ) with [0=x| and a =2 yields

25

a




I——dx ~|sin! 2 4C .

2 _x? \/5

Remember that :

1 L1 X
* I de=sin 124+ C
2 2 a
a‘ —x

EXERCISE SET 35.3: (Home Work)

16,17,29,31,33, Evaluate the following integrals using
35,39,41,45,46  appropriate substitutions.

16. Ix3 5+x? dx
17, Isin7xdx

3
29, a
J (5x"’ +2)3 .

31 I e*™* cos x dx

33. [ x? e ax
ex
35. dx
‘[ 1+ e**
39. _[ cos® 3t sin 3t dx

41. I x sec’ (xz) dx

45. | sec’ x4
\/I—tanzx
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46 [ 510 46
cos“ 0+ 1

5.5 THE DEFINITE INTEGRAL :

5.5.1 Defi nition :

A functzon f is sald to be mtegrable on a f nite closed mterval
[a b] lftheh”':' _ . e S T _

_____ oo, ,?31 rl)as
exzst and does not depend on the cho:ce of partmons or on the
cho:ce of the pomts xk in the subtntervals When thls is the'

case we denete the lzmn‘ by the symbol

| J'f(x)dx—- lim Zf(xk)Axk |

whzch is called the def nzte zntegml of f from a to b |
numbers a and b ‘are called the lower limit of lntegratzon and
the upper lzmu‘ of mtegratzon respectzvely ) and f (x) lS called
the mtegrand SN e e
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5.5.2 Theorem :

If a function f is continuous on an interval [a b] then f is
mtegmble on [a b] , and the net signed area A between the

graph of f and the mterval [a, b] is

4= I / (x) de | S | (1)

Example 1 :
Sketch the region whose area is represented by the def nite
integral , and evaluate the integral using an appropriate formula

from geometry.
4

2
(@) [ 2 dx ) | (x+2)dx
1 ~1
I
0
Solution
4
(a) IZ dx
1 AY
Al
3k
y=2
2r BN
1t
T2 3 4 s >




Figure 5.5.4a

* The graph of the integrand is the horizontal line y =2 , so
the region is a rectangle of width 2 extending over the interval
from 1 to 4 (Figure 5.5.4a). Thus

4
I 2 dx = (area of rectangle)
1

=(4-1)2=(3)2=|6].

Remember that :
*  Area of arectangle A= lengthx width

2
®) [(x+2)dx
~1

y=x+2

¥

Figure 5.5.4b

* The graph of the integrand is the line y =x+2 , so the
region is a trapezoid whose altitude extends from x =—1 to
x =2 (Figure 5.5.4b). Thus , |

2
I (x + 2) dx = (area of trapezoid)
-1

=3 +6)(2-(-1))
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Remember that :

Area of a trapezoid A= é(bl +b2)h

* b; and b, : lengths of parallel sides
h : dis tance between parallel sides (or altitude)

-L6)®=| 5|

1
(c) I NI -x? dx
0

AF

¥

Figure 5.5.4¢

* The graph of y =~1-x*? is the upper semicircle of radins
1, centered at the origin , so the region is the right quarter-
circle extending from x =0 to x =1 (Figure 5.5.4c). Thus,

1
I VI -x? dx = (area of quarter-circle)
0

SNy [.\.;

=4177r (1)2 —

Remember that :
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5 Area of acircle A= rr

r : radius of circle

Properties of the Definite Integral :
5 5.3 Def' nition :

(a) If ais in the domam of [, we def ne |

(b)If f is mtegmble on [a b] then we defne

If(x)dx“ff )

* Part (a) of this definition is consistent with the intuitive idea
that the area between a point on the x-axis and a curve
y=f (x) should be zero (Figure 5.5.6).

AY
y=f(x)

&

The area.ngé'f;&eer1
y = f(x) and a is zero.

s

¥ o=

Figure 5.5.6
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* Part (b) of the definition is simply a useful convention that
interchanging the limits of integration reverses the sign of the
integral.

Example 3 :

1
(@ [x*dx=1[0].
1

Remember that :

* fif(x)dx:()

(b)j I—-x dx——'[\fl x? dx

Remember that :

* Ef(x)dx=—:)[f(x)dx

= — g . See Examplel(c)

5 5 4 T heorem

(a) Icf (x)dx —c[f(x
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0 L1y #()]ds=] 1 () e ()

© JLr-a(9 = 1) e[t o

* If f is continuous and nonnegative on the interval [a,b] )

and if ¢ is a point between a and b , then the area under
y =f (x) over the interval [a,b) can be split into two parts

and expressed as the area under the graph from a to ¢ plus
the area under the graph from ¢ to b (Figure 5.5.7) ,

AY

y=fx)

a C 1)

Figure 5.5.7
that is ,

if(x)dx=if(x)dx+?f(x)dx

5.5.5 Theorem :

If f s mtegmble on a closed mterval contammg the three
pomts a, b and c, then | o

:._ J‘f(x)dx If(x)dx+jf(x)dx
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no matter how the points aré ordered.

* The following theorem can also be motivated by interpreting
definite integrals as areas.

5.5.6 T heorem

'(a) If f is mtegmble on [a b] and f (x)20 for all x in

jf(x)dx 20

(b) If f and g_ are mtegmble on [a b] and f (x)Z g(x)'
for all x in e, b] then

If(x)dxzfg(x)dx |

Example 4 :

1
Evaluate I(S —3+1-x7? )dx .
0

Solution
* From parts (a) and (c) of Theorem 5.5.4 we can write

1 1 1
j(s—s 1—x2)dx=jsdx—j3 1-x? dx
0

1
j‘ 3j1xdx
0
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Remember that :

@ e =] () e[ s

er(ac=e] 13

* The first integral in this difference can be interpreted as the
area of a rectangle of length 5 and width 1, so its value is
5 |, and from Example 1(c) the value of the second integral is

71:/4 )

Remember that :
*  Area of arectangle A= lengthx width
2

« Area of acircle A=xr

r ! radius of circle

3
(5—3 I—xz)dx=5—3(£) 5__7: .
)0 4

D o, ey

EXERCISE SET 5.5: (Home Work)

13(a). Sketch the region whose signed area is represented by the
3

definite integral _[ x dx , and evaluate the integral using
0
an appropriate formula from geometry , where needed.

25. Use Theorem 5.5.4 and appropriate formula from geometry
3

to evaluate the integral I (4-5x)dx.
y

{34




5.6 THE FUNDAMENTAL THEOREM OF CALCULUS :

The Fundamental Theorem of Calculus :

* As in earlier sections , let us begin by assuming that [ is
nonnegative and continuous on an interval [a,b] , in which
case the area A under the graph of [ over the interval [a,b ]

is represented by the definite integral

A=[7 (e (1

(Figure 5.6.1).

AY

Figure 5.6.1

5.6.1 Theorem (The Fundamental Theorem of Calculus
Part 1) : o o

If fis c'o_ﬁtinuo'ds' on [a,0] and F is any'antidé'tivative' of f

on[a,b], then . S

f ’ (x) e F (b) g (a) : '7 | (2 )
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Proof

*Let X; ,X,, ., X,_; be any point in [a,b] such that

A4<x; <Xp<..<X,_;<bh

* These values divide [a,b] into n subintervals

[a,xl],[xl,xz],...,[xn_l,b] (3)
whose lengths, as usual, we denote by
Ax; ,Ax,, ..., Ax,

(see Figure 5.6.3).
a X A X3 e Xn_1 b
—# & ol —a —®
|<— Axy —r|-n— Axy —>|-¢-— Axy ——1-| e |<— Ax, —1-|

Figure 5.6.3
* By hypothesis, F'(x)=f(x) for all x in [a,b], so F
satisfies the hypotheses of the Mean-Value Theorem (4.8.2) on
each subinterval in (3). Hence, we can find points

*

X; 3X5 ey X, in the respective subintervals in (3) such
that

F(xl)—F(a)=F'(x;)(x1 —a)= f(x;)Axl
F(xz)—F(x1)= F'(x;)(x2 —x1)= f(x;)sz
F(x3)—F(x2)=F'(x;)(x3 —x,)= f(x;)ij

*®

F(b)—F(xn_I ) = F'(x; )(b— X, ) = f(xn )Ax
* Adding the preceding equations yields

FO)-F(0)= X /() A ()

=
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* Let us now increase n in such a way that max Ax; — 0.
Since f is assumed to be continuous, the right side of (4)

b
approaches _[ f(x) dx by Theorem 5.5.2 and Definition 5.5.1.

a
However, the left side of (4) is independent of n ; that is, the
left side of (4) remains constant as n increases. Thus,

F(b)-F(a)= lim znjlf(x,";)Axk =f £(x) dx

maxAxy =0 4 _

* We can write Theorem 5.6.1 as

§f<x)dx=[F(x)]f;=F(b)—F(a) (5)

* In words, Theorem 5.4.1 states :

The definite integral can be evaluated by any antiderivative of
the integrand and then subtracting the value of this
antiderivative at the lower limit of integration from its value at
the upper limit of integration.

Example 1 :

2
Evaluate I x dx .
1
Solution
1 .
* The function F(x)= 5x2 is an antiderivative of f (x)=x;

thus from (2)




[ x dx =Bx2r ey -0y

Remember that :

xr+l

r+1

e [ £(x) de=[F(x)]" = F(5)-F(a)

* Ix'%bc:

+C (r#-1)

1 3
Example 2 : s
3
Evaluate I (9—x2) dx .
0
Solution

* Using the Fundamental Theorem of Calculus :

i(sv -x?) dx =|:9x—)—;3—:|3 =[9(3)—(3—3)3—}—0

0 0
=27-9=\18|.

Remember that :

xr+1

r+1

w { 7(x) ax=[F()]" = F ()~ F(a)

* jxrdx=

+C (r#-1)

Example 3 :




(a) Find the area under the curve y =cos x over the interval
[0,7/ 2] (Figure 5.6.4).
AY

Figure 5.6.4
(b) Make a conjecture about the value of the integral

T
Icos x dx
0
and confirm your conjecture using the Fundamental

Theorem of Calculus.

Solution
(@) Since cosx =0 over the interval [0,/ 2] , the area A

under the curve is
/2

A= I cos x dx =[sinx]:;/2

0
Remember that :

* Icosxdx:=sinx+C

= Sin (g)—sin (0) =1-0=[1].

Remember that :

* sin0=0, sin%=1

y=sinx
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k14
2
| ‘/féﬂ' 3

T ==
2

(b) The given integral can be interpreted as the signed area
between the graph of y =cosx and the interval [0,7r].

The graph in Figure 5.6.4 suggests that over the interval
[0, ﬂ'] the portion of area above the x-axis is the same as the

portion of area below the x-axis , so we conjecture that the

signed area is

cero

; this implies that the value of the

integral is zero. This is confirmed by the computations

T
fcosx dx =[sinx];r = sin w—sin0 =0 —0 =|

0

0 .

Remember that :
sin0=0 , sint=0

*

L




The Mean-Value Theorem for Integrals :

y= A

|
x* b

.

The area of the s_s;}teded rectang[e
is equal to the area of the shaded
region in Flgure 5.6.9.

Figure 5.6. 1 0

5.6.2 Theorem (The Mean-Value Theorem for Integrals) :

Ir f is contmuous on a closed mterval [a b] then there is at

least one pomt x in [a, b] such that

o “ !f(x) dx=f (x )(b _a) : (8)

Example 9 :
* Since f (x)= x? is continuous on the interval [1,4] , the

Mean-Value Theorem for Integrals guarantees that there is
apoint x in [1,4] such that
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* But
< 1 4 ] 3 37 1 y
_!xz ax=-[x"] =3[ ("-O) |=5(64-1)=21].
Remember that :
* _[.xrdx= :I:;+C (rz-1)
so that

3(x*)2=21 or (x*)2=7 or x*=i\/;

* Thus, |x =\/; = 265 is the point in the interval [1,4] whose
existence is guaranteed by the Mean-Value Theorem for
Integrals.

EXERCISE SET 5.6: (Home Work)

13,17,19,20,21, Evaluate the integrals using Part 1 of the
22,23,24,2526 T undamental Theorem of Calculus.

1 9
13 [ (x*—6x+12)dx 17 [2xx dx
-2 4
/2 77:/_4
19. I sin@ do 20. . sec’ @ do
—n/2 0
n/4 /3
21, I cosB do 22, . (Zx—secx tanx) dx
-/ 4 0
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5.9 EVALUATING DEFINITE INTEGRALS BY
SUBSTITUTION :

Two Methods for Making Substitutions in Definite Inte;érals :

* Recall from Section 5.3 that indefinite integrals of the form

J£(2(x)) g (x)dx

can sometimes be evaluated by making the u-substitution

u=g(x)| , du=g'(x) dx (1)
which converts the integral to the form
I f (u) du

* To apply this method to a definite integral of the form

17 (2 () &' (x) dv

we need to account for the effect that the substitution has on
the x-limit of integration.

* There are two ways of doing this.

Method 1 :

* First evaluate the indefinite integral

[£(g(x)) g’ (x)dx
by substitution , and then use the relationship

I (e (o) ) e =[] () &7 () ],

to evaluate the definite integral. This procedure does not
require any modification of the x-limits of integration.
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Method 2 :

* Make the substitution (1) directly in the definite integral , and

then use the relationship

u=g(x)

fo replace the x-limits ,

x=a and x =b , by corresponding u-limits , u =g (a) and

u=g(b). Thisproduces a new definite integral
g(b)
[ f(u)du
g(a)

that is expressed entirely in terms of u.

Example 1 :

2 3
Use the two methods above to evaluate I X (x2 + 1) dx.
0

Solution

x(xz +1)3 dx

D e b

Method 1 :
* If we let

u=x°+1 so that du =2x dx (or %du=xdx)
Then we obtain
2 N I
Ix(x +1) dx—zju du

Remember that :

xr+1

r+1

® Ixrdx=

14Y

+C (r=-1)



—[625 1]_% 78 1.

Method 2 :
* If we let

1
u=x>+1 so that du =2x dx (or 5du=xdx]

Then
if x=0 |, u=(0)2+1=1

if x=2 , u=(2)2+1=5

* Thus ,
2

3
I (x + 1 ) — .f u du
0
Remember that :

rt+l

% o X
Ix dxnr+1

=] =4y -oy]

u=1

+C (r;t—l)

I
B | ™~
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—[625 1]—6—2i 78 |.

which agrees with the result obtained by Method 1.

* The following theorem states precise conditions under which
Method 2 can be used.

5. 9 1 Theorem

If g zs contmuous on [a b] and f is contmuous on an
mterval contammg the values of g (x) for a <x Sb then L

g(b)

_.'), B
If(g (x))g'(x)dx = _[ f(u)du
il | 2le)
Example 2 :
Evaluate
n/8 5 0
(a) I sin’ 2x cos 2x dx (b) I(Zx—S)(x—j’) dx
0 2
Solution
/8 7/ 8

(a) I sin’ 2x cos 2x dx = I (sin 2x)5 cos 2x dx
0

* If we let

I u=sin2x| sothat du=2 cos2x dx

or %du =cos 2x dx

14q



With this substitution ,
if x=0 ; u=sz’n(0)=0
if x=n/8 , u=sin(z/4)=1/2

Remember that :
45, sin0=0 , sin =
4 2

. 77 180° _

4 4 =z
i |
* Thus ,
n/8 11/«/?
IsinS 2x cos 2x dx =— I u’ du
0 2 5
Remember that :
. . ur+1 _
Iu dx=r+1+C (r;t-—l)
172
1|u® 1 1 6 6
e F
2| 6 12 [\\2
u=0
_L(i)_ )
T12\8)

5

® [ (2x-5)(x-3) dx
2

* If we let
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u=x-3| sothat du=dx

This leaves a factor of 2x —5 unresolved in the integrand.
However

x=u+3 , so 2x-5=2(u+3)-5=2u+l
With this substitution ,
if x=2 , u=2-3=-1
if x=5 , u=5-3=2

* Thus ,

E(Zx—5)(x-3)9 dx =i(2u +1)u9du

=I_21 (Zum +u9)du

Remember that :
r+l1
% . r#—
[ u dx_r+1+C(r¢ 1)
_ 2
PPLL .
- +
i 11 10 yee]
p 11 10 11 10
(2" @) (260", D)
L 10 1 19
Example 3 :
Evaluate
3/4 3
I . \172
. b e |1 +e dx
@ [, ® e )
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Solution
34 g

@ [ -—

g 1—x
* If we let

u=1-x| sothat du=-dx
or —du =dx

With this substitution ,
if x =0 y U= 1-0=1

if x=3/4 , u=1-3/4=1/4

* Thus,
3/4 1/4
I d_x=_ ldu
g 1—x ;U
Remember that :
1
* I;du_—ln|u|+C
=—[in|u]]"” =—|:ln L\—ln|1|:|
u=1 4
=—[In|1|-in|4|-In|1|]=| In4].
Remember that :
* If a>0,b>0, then ln(%)=lna—lnb , Inl=0
in3
(b) I e” (1 +e* )1/2 dx
0
* If we let

u=1+e*| sothat du=e*dx
With this substitution ,
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if x=0 , u=1+e’=1+1=2
if x=IM3 , u=1+e" =1+3 =4

Remember that :

* =1 , M =x,x>0

* Thus ,
In3 4
I e*(1+e” )1/2 dx =Iu1/2 du
0 2
Remember that :
ur+1
* ju‘"dx=r+1+C (r#-1)
2 3/2 3/2
“14y?-(2 ]
' ] 2 [y -(2)
EXERCISE SET 5.9: (Home Work)

5,11,12,13,16 Evaluate the definite integral two ways : first by
a u-substitution in the definite integral and then
by a u-substitution in the corresponding

indefinite integral.
1
5 [(2x+1) dx

rn/2
11. | 4 sin(x/ 2)dx
0
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n/6
12. | 2 cos3x dx

0
-1

B[ —
-2 (x + 2)
Inj
16. [ e*(3-4e*)dx
0
32,37,38,46,47 Evaluate the integrals by any method.

2
32. [\5x—1dx
1

/4
37, _[ 4 sinx cos x dx
0

w/4

38. I Jtan x sec’ x dx
0

JE 2
46, _[ xe " dx
1

47.

1 X "
0 \4-3x*

151




5.10 LOGARITHMIC  AND OTHER FUNCTIONS
DEFINED BY INTEGRALS : .

The Connection Between Natural Logarithms and Integrals :

5.10.1 Definition :

The natuml logarzthm of x is denoted by ln X and is def ned by
_the mtegral L R |

dt , x>0 (1)

Y
=
i
It Sy 3¢

Yo

L

" ...X

Figure 5.10.2 Figure 5.10.3

Algebraic Properties of Inx
5.10.2_T, heorem

For any posmve numbers “ and c and any mtzonal number r:

(a) lnac—lna+lnc | (b) ln£5=:—lnc :

(c)ln b ma-ine  @In P rlna
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Remember that ;

* Inl=0
Domain , Range , and End Behavior of Inx _:

5.10.3 Theorem :

(a)Tke domain of Inx is (0,+).

(b) lzm lnx—._.—oo a'n'_'d ltm Inx = +oo_.'
x>0t 0 Xodo |

(c) The range of lnx is (—oo +oo)

Definition of e”*
5.10. 4 Defi nition ;

e’ and l._S' ca_l_led _t;k_e natuml exponentml function.

Remember that :

lim e=0, "=, lim =+
X—>— X—» +00

*

AY

Vs _y=1nrx




(@)= ()=

¥ met=x,xeR , " =x,x>0

5. 10 5 Theorem

T he natuml exponentml functwn x is dtfferentmble g and
hence contmuous , on (—oo +00) and zts derwatzve is

Irrational Exponents :
5.10.6 Def mtzon

If _q >0 and r zs a real number a is def'ned by S
) | g _33--‘ f'a’ ”_e”’“’ i R R '_ (7)

Remember that :
If a> 0 and r is real number , then

*

r
ar =ehm =erlna

* With this definition it can be shown that the standard algebraic
properties of exponents, such as

aPal = gP* %—a” q (ap)" = gPt (ap)(bp)=(ab)p
a

hold for any real values of a,b,p, and q , where a and b are

positive.
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5.10.7 Theorem :

(a) For -any real number r , the power ﬁm‘ctibn x"is
differentiable on (0,+») and its derivative is
.E” d. r _ -EQ o -
dx[x ]—rx.. e
'(b) For b >0 and b ¢1 the base b exponential functlon b*
s dszerentmble on (—oo +oo) and its derlvatlve s :

dFel xr
- E[” j]fb ’”b
5.10.8 Theorem :
I/x”.:..:' S . o : __.1,:.x:
@ fim, (1 +x) | @ iim [1+1) =
_ x+0 .   ._.x++w._ xJ  
| (C) llm [1 + J =e

General Logarithms :

* We note that for b >0 and b #1, the function b* is one-to-
one and so has an inverse function.  Using the definition of

b*, we can solve y=>b" forx as a function of y :
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Iny _
Inb
Thus, the inverse function for b is (ln x) / (ln b) :

5.10.9 Definition :

'?For b >0 and b ;é] the base b logarzthm functton denoted
'logbx lsdefnedby IR .

* It follows immediately from this definition that log, x Is the

inverse function for b”*and satisfies the properties in Table
0.5.3.

Remember that :

AY y= b

* Furthermore. log, x is differentiable, and hence continuous,
on (0,+) , and its derivative is
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i[lo x]— !
dx &b xinb
Remember that :
. 4 =_1_'
dx[lnx] .

* As a final of consistency, we observe that log, x =1Inx .

Remember that :

%
log, x=Inx (natural logarithmic function),

log,y x = log x (common logarithmic function)

s,
wn
~l




CHAPTER (%)

APPLICATIONS OF THE DEFINITE
INTEGRAL IN GEOMETRY , SCIENCE , AND
ENGINEERING

6.1 AREA BETWEEN TWO CURVES :
A Review of Riemann Sums :

* Before we consider the problem of finding the area between
two curves it will be helpful to review the basic principle that
underlies the calculation of area as a definite integral. Recall
that if f is continuous and nonnegative on [a,b] , then the

definite integral for the area A under y =f (x) over the
interval [a,b] is obtained in four steps (Figure 6.1.1) :

$r Ax y= Ax)
o o 1

|
l
) Al
-- |

ilnaaiiitiipy

_a . ; -“-X: — 5 —

Figure 6.1.1
e Divide the interval [a,b] into n subintervals , and divide
the region under the curve y =f (x) into n Strips.

o Assuming that the width of the kth strip is Ax, , approximate
the area of that strip by the area f (x; ) Ax, of a rectangle
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of width Ax, and height f (x: ) , where x, is a point in the
kth subinterval.

o Add the approximate areas of the strips to approximate the
entire area A by the Riemann sum :

R
A= f (x: ) Ax,
k=1
o Take the limit of the Riemann sums as the number of
subintervals increases and all their widths approach zero.
This causes the error in the approximations to approach zero
and produces the following definite integral for the exact
area A:

n b

A= Ui L ) Axy = dx

e o kéf(xk) k _‘!f(x)

* Figure 6.1.2 illustrates the effect that the limit process has on
the various parts of the Riemann sum :

I

> ) Ax
k=1

]

fg *Ho

Effect of the Iim.it process
. on the Riemann sum

Figure 6.1.2




o The quantity x; in the Riemann sum becomes the variable x
in the definite integral.

® The interval width Ax, in the Riemann sum becomes the dx
in the definite integral. | |

o The mtervul [u b] whtch is the union of the submtervals_
wuh wzdths Ax I AX, o, Ax, , does not appear explzcztly in

 the Rtemunn sum but is represented by the upper and. lower
ltmtts of mtegrutton in the definite integral.

Area Between y =f (x) _and_ y =g (x) _:

6.1.1 First Areu Problem

Suppose thut f und g ure eontmuous functzons on an mterval
z[ub]and 3 o | |
£ f(x)Zg(x) for qusb

'[Thls meuns thut the curve y =f (x) lzes above the curve
y = g (x) and that the two can touch but not cross.] Find the
area A of the region bounded above by y =f (x) “below by
y = g(x) R und on the sides by the lines x=a und x = b
(Figure 6.1.3a). S |

* To solve this problem we divide the interval [a,b] into n

subintervals , which has the effect of subdividing the region
into n strips (Figure 6.1.3b).




f&@—gﬁﬁ

I}

Figure 6.1.3

* If we assume that the width of the kth strip is Ax,, then the
area of the strip can be approximated by the area of

a rectangle of width Ax, and height f (x: )— g (x; ), where

x; is a point in the kth subinterval.  Adding these

approximations yields the following Riemann sum that
approximates the area A :

4= () (s)] 2

* Taking the limit as n increases and the widths of all the

subintervals approach zero yields the following definite
integral for the area A between the curves :

A=, dim [ (5i)-s ()] o

maxAxk —)0k=1

- ) )]s

* In summary , we have the following result,
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6.1.2 Area Formula :

If f and g are continuous functions on an interval [a b] and
if f (x) > g (x) for all x in [a b) , then the area of the region

bounded above by y=f (x) below by y =g (x) on the left
;by the lme x =a, and on the right by the lme X = b zs |

i=jre-e@le| _'(1)

Example 1 :

Find the area of the regzon bounded above by y =x+6,
, and bounded on the sides by the

bounded below by y =x?
lines x =0 and x =2.

Solution
AY

8

y=x+6

Figure 6.1.4
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* The region and a cross section are shown in Figure 6.1.4.
The cross section extends from g (x) =x? on the bottom to
f (x)=x +6 on the ftop. If the cross section is moved

through the region , then its leftmost position will be x =0
and its rightmost position will be x =2. Thus, from (1)

f (x)-g (x)]dx

:(x +6)—(x2 )] dx

A

DDty B Dy e, T

Remember that :

xr+1

r+1

* [ x"dx= +C (r#-1)

“J 1) =[P =r ()-F ()

il
1
|5
_l_
&N
=
I
"
[
b

* Jt is possible that the upper and lower boundaries of a region
may intersect at one or both endpoints , in which case the sides
of the region will be points , rather than vertical line segments
(Figure 6.1.5). When that occurs you will have to determine
the points of intersection to obtain the limits of integration.
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=
{ y= g(g') { v I ¥= g(x) I
a - 5 o P b .
The left-hand boundary Botﬁside boundaries
reduces to a point. reduce to points.
Figure 6.1.5

Example 2:
Find the area of the region th

y =x? and y =x+6.

at is enclosed between the curves

Solution

A

ot
[

T bW ARGy N e O O

i

[ y=x+6

3 -2 -1

r
1

Figure 6.1.6

* A sketch of the region (Figure 6.1.6) shows that the lower
boundary is y =x’ and the upper boundary is y =x +6.

At the endpoints of the

region , the upper and lower
175
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boundaries have the same y-coordinates ; thus , to find the
endpoints we equate

y=x’ and y=x+6 (2)
This yields
x?=x+6
or x?—-x-6=0
or (x+2)(x-3)=0

from which we obtain |
X==2| and |x=3

Although the y-coordinates of the endpoints are not essential

to our solution , they may be obtained from (2) by

substituting x =-2 and x =3 in cither equation.  This

yields y =4 and y =9 , so the upper and lower boundaries

intersect at |(—2,4)| and |(3,9)].

* From (1) with f(x)=x+6, g(x)=x’, a=-2, and
b =3, we obtain the area

A= {1 @)= (o))

Remember that :

1
xr+

r+1

* [ x"dx= +C (r#-1)
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=[(32)+6(3)—(33) —[(_j) +6(—2)—(—"—32l
27 ( 22\ |125
2715

* In the case where f and g are nonnegative on the interval
[a,b] , the formula

A =j[|:f(x)—g(x):|dx=?[f(x)dx—j[g(x)dx

states that the area A between the curves can be obtained by
subtracting the area under y =g (x) from the area under

y =f (x) (Figure6.1.7).

y= f(X) 'y

AY y= = y=19

S~ | ||
-

X

L
o

a b

&

| Area below g |

‘ Afearbehveen fandé

| Area below [

Figure 6.1.7

* Some regions may require careful thought to determine the
integrand and limits of integration in (1). Here is

a systematic procedure that you can follow to set up this
formula.
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Finding the Limits of Integration for the Area Between Two

Curves :

Step 1.

siepfz

Sketch the region and then draw a vertical line segment

- through the region at an arbitrary point x on the x-

axis , connectmg the top and bottom boundarzes
(thure 6.1. 9a) : o

-The y—coordmate of the top endpomt of the lme segment |

sketched in Step 1 will be f (x) , the bottom one

| ._g(x ) e and the length of the line segment w;l[ be
S (x) 8 (x) Thts is the mtegmnd in (1) |

Step 3.

To determine the limits of integration , tmagme movmg'
the line segment left and then right. - The leftmost
posztton at which the line segment mtersects the ‘region
is x=a and the rlghtmost is X = b (thures 61 9b

i : and6 L 9c)

¥ =

(a) (8 (o)
Figures 6.1.9

* There isa useful way of thmkmg obout thzs procedure

fbetween the :".curves s o-btamed by mtegratmg the length:'?of'the

cross sectton over the mterval [a b ]

[ %




* Note that it is not necessary to make an extremely accurate

sketch in Step 1 ; the only purpose of the sketch is to determine
which curve is the upper boundary and which is the lower
boundary.

* It is possible for the upper or lower boundary of a region to

consist of two or more different curves , in which case it will be
convenient to subdivide the region into smaller pieces in order

to apply Formula (1) . This is illustrated in the next
example.
Example 4 : B
Find the area of the region that is enclosed by x =y > and
y=x-2.
Solution

Figure 6.1.10
To determine the appropriate boundaries of the region , we
need to know where the curves x =y ‘and p =x-2

intersect. In Example 2 we found intersections by equating
the expressions for y.  Here it is easier to rewrite the latter
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equation as x =y +2 and equate the expressions for x ,

namely ,
x=y° and x=y+2 (3)
This yields
y>=y+2
or yi—p—-2=0

or (v +1)(y 2) 0
from which we obtain |y =—1

Substituting these values in either equation in (3) we see that
the corresponding x-values are |X: =1 and |X ‘4

b

respectively , so the points of intersection are (1,- 1 and
(4,2)| (Figure 6.1.10a).

* To apply Formula (1 ) , the equations of the boundaries must
be written so that y is expressed explicitly as a function of x .
The upper boundary can be written as y = Jx (rewrite

X =y % as y = ++/x and choose the + for the upper portion
of the curve). The lower boundary consists of two parts :
y =—/x for 0<x<I

and y=x-2 for 1<x<4
(Figure 6.1.10b). Because of this changes in the formula for

the lower boundary , it is necessary to divide the region into
two parts and find the area of each part separately.

* From (1) with f(x)=\/;, g(x)=—\/;, a=0,and b =1,
we obtain

A= ()-g ()]
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=j|:\/;—(—\/;):|dx=2_1[x/;dx

Remember that :

r+1

w Ixrdx=x

[;"fi}l o]

4

= [1 -0]= |75

*me(l)wzth f(x)= Jx, g(x)=x-2,a=1,and b =4,
we obtain

12 = ()= ()]
3[\/_ (x-2)]dx = j(&—x+2)dx

+C (r;t—])

=_§/2_xz +2x1
0 4 3/2 4 2 (1)3/2 (1)
B (3)/2 _(2) +2(4)] [3/2 2 +2(1)]

i
(10 _g .8 3-£+2]

* Thus , the area of the entire region is
_4. 19 9
A=A, +A4, =—+—=|51.
g 3 6 |2
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Reversing the Roles of x and y :

* Sometimes it is much easier to find the area of a region by
integrating with respect to y rather than x. We will now
show how this can be done.

6.1.3 Second Areu Problem :

'Suppose that W und v are contmuous funcuons of y on
_au mterval [c d ] tmd thut - | o

'[Thts means that the curve x=w ( y) ltes to the rtght of the'g
curve x =v (y) und thut the two can touch but not cross]

Fmd the area A of the region bounded on the left by
x=v(y),on the right by x =w (y),and above und below by

the lmes Y= d andy —c (thure 6.1. 11)

X = u(y) N

Figure 6.1.11

* Proceeding as in the derivation of (1) , but with the roles of x
and y reversed , leads to the following analog of 6.1.2.
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6.1.4 Area Formula :

If w and v are continuous functions and if w (x)2v (x) for
all v in [c d] then the area of the regwn bounded on the left
by X v(y) on the rzght by X =w (y) below y —c_ , and
:-above by y d is o BNt ) R

a- I [w (y) (.v )] v | -(4-)

* The guiding principle in applying this formula is the same as
with (1).  The integrand in (4) can be viewed as the length

of the horizontal cross section at an arbitrary point y on the y-
axis , in which case Formula (4) states that the area can be

obtained by integrating the length of the horizontal cross
section over the interval [c,d | on the y-axis (Figure 6.1.12).

F
dl——

Figure 6.1.12

* In Example 4 , we split the region into two parts to facilitate
integrating with respect to x . In the next example we will
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see that splitting this region can be avoided if we integrate with
respectto y.

Example 5 :

Find the area of the region enclosed by x =y and y =x-2,

integrating with respect to y .
Solution

Figure 6.1.10

* As indicated in Figure 6.1.10 the left boundary is x =y °, the
right boundary is y =x — 2, and the region extends over the
interval —1 <y <2. However, to apply (4) the equations

for the boundaries must be written so that x is expressed
explicitly as a function of y. Thus , we rewrite y =x —2
as x=y +2.

* It now follows from (4 ) that

4=1[ () )]y
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Remember that :

% yr+1
Fog. . h
Iy dx—r+1+C (r=-1)

[ 2 377
y y
N T A
2 <Y 3}

( 9
- 2+4—§J—(£—2+1J=;+,
\ 3) |2 3712

which agrees with the result obtained in Example 4 .

EXERCISE SET 6.1: (Home Work)
2,4 Find the area of the shaded region.
2. 47 4, ¥=F Ay

3k _}’=

7,12 Sketch the region enclosed by the curves and find its area.
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7.y=x2,y=\/;,x=§,x=1

12. x* =y , x=y -2

6.2 VOLUMES BY SLICING ; DISKS AND WASHERS :

é -‘.ﬁ B

Volumes by Slicing :

* The idea of finding the volume of a solid is to divide the solid
into thin slabs , approximate the volume of each slab , add the
approximations to form a Riemann sum , and take the limit of

the Riemann sums to produce an integral for the volume
(Figure 6,2.1),

Sphere cut into Right pyramid cut ﬂ Right circular cone cut , Right circular cone cut
horizontal slabs into horizontal slabs | into horizontat stabs |  into vertical slabs
Figure 6.2.1

* If a right cylinder is generated by translating a region of area
A through a distance h , then h is called the height (or

sometimes the width) of the cylinder , and the volume V of the
cylinder is defined to be

V =A.h= [area of across section]x[height ] (2)
(Figure 6.2.4).
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Volume = A. h j
Figure 6.2.4

6.2.1 Problem :

Let S be a solzd that extends along the X~aXis and is bounded on
the left and ngkt respectzvely , by the planes ‘that are
perpendlcular to the x—axls at x =a and x=b (Fzgure 6. 2, 5.
Find the volume - of the solid , assuming that its cross-
:sectwnal area A (x) zs known at each x in the mterval [a b]

Cross sectiofn

| Cross section area = A(x) |

Figure 6.2.5
* To solve this problem we begin by dividing the interval [a,b]

intro n subintervals , thereby dividing the solid into n slabs
as shown in the left part of Figure 6.2.6.

|77




e —
: The |
. Cross §
| section |

$ | here
-has - |
.area.

AGD. TS

£t
§
i
H
N ot
", H
«-:‘i' . H

Figure 6.2.6
* If we assume that the width of the kth subinterval is Ax,, then
the volume of the kth slab can be approximated by the volume
A (x,t ) Ax, of a right cylinder of width (height) Ax, and
cross-sectional area A (xz ) , where x, is a point in the kth

subinterval (see the right of Figure 6.2.6).

* Adding these approximations yields the following Riemann
sum that approximate the volume V :

VziA(x;)Axk
k=1

Taking the limit as n increases and the widths of all the
subintervals approach zero yields the def inite integral

v = dim kZIA(xk) Ax, _jA(x)dx

6.2. 2 Volume Formula :

!I}:x_,,

Let S be ' solzd 'bounded by two pamllel planes perpendzcular to
the x-axis at x=a and x =b. If for each x in [a b] ‘the

f 7 ¥




cross-sectional area of S perpendicular to the x-axis is A(x) ,
then the volume of the solid is

V- IA(x)dx S :(.3)

provuled A (x) lS mtegrable

* There is a similar result for cross sections perpendicular to the
y-axis.

6.2.3 Volume Formula : (’epfe 4

'Let S be a solul bounded by two purallel planes perpendzcular to
the. y—axls at y -—c and y=d. f, for each y in [c d ] the

eross-sectzona'l area of S perpendzcular to they -axls is A ( Yy )
then the volume of the solul Is ' |

o jA(y)dy - "

provuled A ( y ) is mtegruble

* In words , these formulas (3 ) and (4) state :

secuonal areu from one end of the solul to the other
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Solids of Revolution : ¢

* A solid of revolution is a solid that is generated by revolving
a plane region about a line that lies in the same plane as the
region ; the line is called the axis of revolution. Many
Sfamiliar solids are of this type (Figure 6.2.8).

Some Familiar Solids of Revoluiion

i U

Axis of revolution

Hollowed right

, nght cucu!ar cyllnder I [ Solid sphere Solld cone C"CUEE)ﬂUd"-’
(a) (b) (9 (d)
Figure 6.2.8

Volumes by Disks Perpendicular to the x-axis :

6.2.4 Problem :

Let f be contmuous and nonnegatzve on [a bl, and let":*R be
the region that is bounded above by y = =f (x) , below by the

x-axis , and on the szdes by the lines -x' =a and X = b (Fzgure
6.2, 9a). ~Find the volume of the solid of revolutlon that is
genemted by revolvmg the reglon R about the x—axls e
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(a) (B)
Figure 6.2.9

* We can solve this problem by slicing.  For this purpose ,
observe that the cross section of the solid taken perpendicular
t0 the x-axis at the point x is a circular disk of radius f (x)

(Figure 6.2.9b). The area of this region is

A(x)=x[f (x)]’

Remember that :

. Area of a circle A=nrt?

r : radius of circle

Thus , from (3) the volume of the solid is

v [ 2l @] o (5)

Because the cross sections are disk shaped , the application of
this formula is called the method of disks.
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Example 2 :

Find the volume of the solid that is obtained when the region
under the curve y = Jx over the interval [1,4 ] is revolved
about the x-axis (Figure 6.2.10).

AY

y=Nx

Figure 6.2.10

Solution
* From (5, the volume is

V =f)|' 7 [f (x)]zdx

o=

=J.7z|:\/;:|2dx=7r]|;xdx

by

Remember that :

r+1

® Ix"dx=x
r+1

=,{"2T g[(z;) SOHE 15—2”—

+C (r#-1)




Example 3 : - .
Derive the formula for the volume of a sphere of radius r.

Solution

Figure 6.2.11

* As indicated in Figure 6.2.11 , a sphere of radius r can be
generated by revolving the upper semicircular disk enclosed
between the x-axis and

x?+y?=r
about the x-axis.  Since the upper half of this circle is the
graph of y =f (x)=~r? -x? , it follows from (5) that the

volume of the sphere is

2 =:j;z[f(x)]2dx
- [ Al  amn [ [ ]

—-Fr

2

Remember that :

r+1

* Ixrdx=x

r+1+C (r=-1)
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Volumes by Washers Perpendicular to the x-axis :

* Not all solids of revolution have solid interiors ; some have
holes or channels that create interior surfaces , as in Figure
6.2.8d. So we will also be interested in problems of the
following type.

6.2.5 Problem :

Let f and g be contmuous and nonnegattve on [a b] , and

.Let R be the regton that is bounded above by y = f (x) below

by y = g(x)-- and on the szdes by the lmes x=a and x =b

(thure 6.2. 12a) Fmd the volume of the solzd of revolutton
that is generated by revolvmg the regton R about the x—axts
-(thure 6. 2 12b) . = o
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Figure 6.2.12

* We can solve this problem by slicing.  For this purpose ,
observe that the cross section of the solid taken perpendicular
to the x-axis at the point x is the annular or "washer-shaped"
region with inner radius g (x) and outer radius f (x)

(Figure 6.2.12b) ; its area is

A)=r[r ()] -7 Le ()] =7 ([ )] ~[e ()]’

Thus from (3) the volume of the solid is

v =J 2 ([ )T e () ) (6)

* Because the cross sections are washer shaped , the application
of this formula is called the method of washers.

Example 4 : o
Find the volume of the solid generated when the region between

1
the graphs of the equations f (x) = 5 +x° and g (x) =X
over the interval [0, 2] is revolved about the x-axis.

Solution
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* First sketch the region (Figure 6.2.13a) ; then imagine
revolving it about the x-axis (Figure 6.2.13b).

ALY '
5L
4 =i/
¥y= 5' + X/ i
21
s ¥=x
11 :
._ L B
1 2\
Unequal scales on axes
Region defined The resulting
by fand g ! solid of revolution |
() (&)

Figure 6.2.13

* From (6 ) , the volume is

v =12 (7 () L2 ()] ) s

ﬂ(:;+x2:|2 —[x]szx

Remember that :

* (a+b)’ =da® £ 2ab+b’
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Remember that :

xr+1

% rog.
Ix dx_r+1

+C (r=-1)

_x xs:lz
=7|—+—
_4 5 ’

. '((2)+(z)5J_((o)+(0)5 ﬂ Zza)
I 4 5 4 5 10 -

Volumes by Disks and Washers Perpendicular to the y-axis :

* The methods of disks and washers have analogs for regions
that are revolved about the y-axis (Figures 6.2.14 and 6.2.15).
Using the method of slicing and Formula (4) , you should be
able to deduce the following formulas for the volumes of the
solids in the figures.

AV

¥

(a) (B)

ik |

Figure 6.2.14
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(a) (b)
ashers
Figure 6.2.15
d
v =[x(0e )] -[ ()] ) (5)
c
Washers

Example 5 : : -
Find the volume of the solid generated when the region enclosed
by y = Jx , ¥ =2 ,and x =0 is revolved about the y-axis.

Solution
* First sketch the region and the solid (Figure 6.2.16).
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Figure 6.2.16

* The cross section taken perpendicular to the y-axis are disks ,
so we will apply (7).  But first we must rewrite y = Jx as

x=y?’. Thus,from(7) withu(y)=y?, the volume is

V = ﬂ[u(y)]z dy

Dty N O S,

x[yz:lz dy =:riy4dy
0

Remember that :

r+l1

% ra Yy —7
Iy dy H_1+C(r;nE )

=?[(2)5 -(0)5]= 5

| 3J




Other Axes of Revolution :

* It is possible to use the method of disks and the method of
washers to find the volume of a solid of revolution whose axis
of revolution is a line other than one of the coordinate axes.
Instead of developing a new formula for each situation , we
will appeal to Formulas (3 ) and (4 ) and integrate an

appropriate cross-sectional area to find the volume.

Example 6. .
Find the volume of the solid generated when the region under

the curve y =x’ over the interval [0,2] is rotated about the

liney =—1.

Solution

* First sketch the region and the axis of revolution ; then

imagine revolving the region about the axis (Figure 6.2.17).

AY
4

¥

Figure 6.2.17
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* At each x in the interval 0 <x <2, the cross section of the
solid perpendicular to the axis y =— 1 is a washer with outer

radius x° +1 and inner radius 1.  Since the area of this
washer is

A(x)=r (I:xz w1] _[1]2)

Remember that :

* (at b)2 =a’ + 2ab+ b*

=7 (I:xz +1:|2 —[1]2)=7r (I:x4 +2x? +1:|—[I])
=ﬂ:(x4 +2x2)
it follows by (3 ) that the volume of the solid is

h 2
V=[d(x)dx =]z (x*+2x7)dx
a 0

Remember that :

r+l1 '
* jx"dx=’:+'1+c (r=-1)
- 3 2
=7 x_+2 iC__
B 3,
i 5 3 5 3 T
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EXERCISE SET 6.2: (Home Work)

2,3 Find the volume of the solid that results when the shaded
region is revolved about the indicated axis.

2"1

3. AY

12. Find the volume of the solid that results when the region
enclosed by the curves y =9 —x°,y =0 is revolved
about the x-axis.

22. Find the volume of the solid that results when the region

enclosed by the curves y =x?,x =y? is revolved about
the y-axis.
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6.4 LENGTH OF A PLANE CURVE : 5
Arc Length :

* Our first objective is to define what we mean by the length
(also called the arc length) of a plane curve y =f (x) over

an interval [a,b] (Figure 6.4.1). Once that is done we will

be able to focus on the problem of computing arc lengths. To
avoid some complications that would otherwise occur , we will
impose the requirement that ' be continuous on [a,b ], in

which case we will say that y =f (x) is a smooth curve on
[a,b] orthat f is a smooth function on [a,b]. Thus, we

will be concerned with the following problem.
AY

¥ =

Figure 6.4.1
0.4.1 Arc Length Problem :

Suppose that y = f (x) is a smooth curve on the mterval [a 5]

Def ne and f nd a formula for the arb' length L of the curve}
y f (x) over the mterval [a b] R |

* To define the arc length of a curve we start by breaking the
curve info small segments. Then we approximate the curve
segments by line segments and add the lengths of the line
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segments to form a Riemann sum.  Figure 6.4.2 illustrates
how such line segments tend to become better and better
approximations to a curve as the number of segments
increases. As the number of segments increases , the
corresponding Riemann sums approach a define integral
whose value we will take to be the arc length L of the curve.

08

Shorter line segments provide a better
approximation to the curve.

Figure 6.4.2
* To implement our idea for solving Problem 6.4.1 , divide the
interval [a,b] into n subintervals by inserting points

X;3Xy yeeyX,_; between a=x, and b=x,. Asshown
in Figure 6.4.3a , let P,,P,,..,P, be the points on the
curve with x-coordinates a =x, , X; ,X; ,..,X,_;, b =x, ,
and join these points with straight line segments.

fj:;mm‘ﬂ%" _;_ h:‘—;}

L
A

f(x)

f(-"g_l )]

¥

(b)

Figure 6.4.3
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These line segments form a polygonal path that we can regard
as an approximation to the curve y =f (x) . As indicated in

Figure 6.4.3b , the length L, of the kth line segment in the
polygonal path is

Ly = (A%, ) +(&9, )’
= J(Axk ) + Lf (x4 )= (ki )]2 (1)

* If we now add the lengths of these line segments , we obtain
the following approximation to the length L of the curve

0 P N 7 TP )

* To put this in the form of a Riemann sum we will apply the
Mean-Value Theorem (4.8.2) [see revision of Calculus I -

MATH 203]. This theorem implies that there is a point X,
between x,_; and x, such that

f(xk)_f (xk—1)=f,(x;)

Xp = Xp_1

or f (xk )‘f (xk—l ) =/ (xlt ) Ax,
and hence we can rewrite (2 ) as
n n . V12
Lo B an) [ ()~ ()] = 1o ()] s

* Thus , taking the limit as n increases and the widths of all the
subintervals approach zero yields the following integral that
defines the arc length L :

195




L= im Y 1+[£7(x )TAxk

n?(leXk - k=]

[l ()T as

* In summary , we have the following definition.

6. 4 2 Def' nition :

If y = f (x) is a smooth curve on the mterval [a b] then the

arc length L of thts curve over [a,b ] is def nedas o

o L=£\/1+|:f'(x):|2 dx -

* This result provides both a definition and a formula for
computing arc lengths. Where convenient , (3 ) can also be

expressed as

L =§[ \/1 1 (x)]° dx =§ \/1 +[§L)2 dx

X

(4)

* Moreover , for a curve expressed in the form x =g (y) ,
where g' is continuous on [c,d] , the arc length L from

y =c¢ to y =d can be expressed as

L =tj \/1 +[g"(y )]2 dy =;i' \/1 +(j—;c—] dy
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Example 1 : o
Find the arc length of the curve y =x""? from (1,1) fo

(2 ,22) (Figure 6.4.49).

AV (2,242
y=2"7
(L 1)
>
Figure 6.4.4

Solution

d 3

y=x3/2 ’ l=_x1/2
dx 2

* Since the curve extends from x =1 to x =2, it follows from
(4) that

b / 2
L=I\/1+ di) dx
[}

\ dx

2 / 2 2
=I\/I+ ixl/zj dx=j 1+2xdx
1 \2 1 4

* To evaluate this integral we make the u-substitution

9 9
u=1+—x| sothat du==dx
4 4
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or —du=dx
9

With this substitution ,

if x=1 , u=I+= (1)—1_3
if x=2 , wu=I+= (2)_33
4 22/4
L=— j \/;du
? 1374

Remember that :

r+1

u

* I v du=
r+1

+C (r=-1)

IR
2322 1B3JI3 }
4*/._ e

EXERCISE SET 6.4: (Home Work) |
3,5 Find the exact arc length of the curve over the interval.

3. y=3x"2-1 from x=01t x=1
2/3

5. y=x“""from x=11t x=38
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CHAPTER (4)
PRINCIPLES OF INTEGRAL EVALUATION

7.1 AN OVERVIEW OF INTEGRATION METHODS :

Methods for Approaching Integration Problems :

* There are three basic approaches for evaluating unfamiliar
integrals :

e Technology — CAS programs such as Mathematica , Maple ,
and the open source program Sage are capable of evaluating
extremely complicated integrals , and such programs are
increasingly available for both computers and handheld
calculators.

o Tables — Prior to development of CAS programs , scientist
relied heavily on tables to evaluate difficult integrals arising
in applications.  More comprehensive tables appear in
various reference books such as the CRC Standard
Mathematical Tables and Formulas , CRC press , Inc. ,
2002.

o Transformation Methods — Transformation methods are
methods for converting unfamiliar integrals into familiar
integrals. These include wu-substitution , algebraic
manipulation of the integrand , and other methods we will
discuss in this chapter.
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A Review of Familiar Integration Formulas :

* The following is a list of basic integrals.

Constants , Power Exponentials :

: 1 Idu u+C

Cpal

u
3 Iu du-_fr+1

. 5[ e du _=-e; +C

+C,r¢ |

7 sm u du —— casu +C

9 secz u du —tanu +C

11 . [ secu tanu du = secu +C

13 Itanu dx =— lnlcosu|+C |

vaerbohc F unctzons_ S

15 ------ [ sinhu dx = coshu +C

17 Isechzu du—tanhu +C

2

4

12.

14.

= 16,
18.

.adu afdu au+C -
odu :

.—_—ln|u|+C

Y u

.u_

- Inb

4 LCos’u"dui': Sin it-+C"" S

csczu du -——-cotu+C

cscu cotu du =—cscu +C

cot u dx = ln_lsm_:u_|+_C_ -

Icoshu du-— smh u +C

Icschzu du ——cothu +C

Icsc hu cothu du =— csc hu +C '




1 u

a+u|+C
a—ul

(|u|<a)

In
2a

+C (D<a<lu])

EXERCISE SET 7.1:

(Home Work)

Evaluate the integrals by making appropriate u-substitution and
applying the formulas reviewed in this section.

1 [(4-2x) dx
5. sin3x dx
* 2+cos3x
7. .. e* sin(ex) dx

11, Icoss 5x sin5x dx

-1

fan ~ Xx

e

1+x? a

4. |

3. .' x sec’ (x‘?)dx
6. ——I—de
“9+4x
9. [ e"™* sec? x dx
X
13. [ =5 dx
. /4_82x

2 J. cos (lnx) I
X
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7.2 INTEGRATION BY PARTS :
The Product Rule and Integration by Parts :

* Qur primary goal in this section is to develop a general method
for attacking integrals of the form

J£(x) g (x)dx

* As a first step , let G (x) be any antiderivative of g (x). In
this case G'(x)=g(x) , so the product rule for
differentiating f (x) G (x) can be expressed as

T @EW]=r ()6 () ()6 ) )
=f (x) g (x)+f'(x) G (x)
* This implies that f(x)G (x) is an antiderivative of the

function on the right side of (1) , so we can express (I ) in

integral form as

fIr () g ()71 (x) G (x)]dx =f (x) G (x)
or , equivalently , as
'j.f(x)g(x)dx==f(x)G(x)—jf’(x)G(x)dx (2)

* This formula allows us to integrate f (x) g (x) by integrating
f'(x)G (x) instead , and in many cases the net effect is to

replace a difficult integration with an easier one. The
application of this formula is called integration by parts.

* In practice , we usually rewrite (2) by letting
u=f(x) , du=f"(x)dx
v=G(x) , dv =G'(x)dx =g(x)dx
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This yields the following alternative form for (2 ) :
Iudv=uv—jvdu’ (3)

Example 1 :
Use integration by parts to evaluate I x cos x dx.

Solution
* We will apply Formula (3).  The first step is to make a choice
for u and dv to put the given integral in the form Iudv .
We will let

u=x and dv =cosxdx
(Other possibilities will be considered latter).

* The second step is to compute du from u and v from dv.
This yields

du =dx and v=_[dv =Icosxdx = SIn X

Remember that :

* [ cosdx=sinx+C

* The third step is to apply Formula (3). This yields

Remember that ;

* Iudv:uv—fvdu

_[x cosx dx = x sinx—jsinx dx
S ——
u dv u 4 v du

=Xx sinx —(— cosx)+C
= |x sinx +cos x +C |,
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Note :
* In Example 1 we omitted the constant of integration in
calculating v from dv.

Guidelines for Integration by Parts :

* The main goal in integration by parts is to choose u and dv
to obtain a new integral that is easier to evaluate than the
original.  In general , there are no hard and fast rules for
doing this ; it is mainly a matter of experience that comes from
lots of practice. A strategy that often works is to choose u
and dv so that u becomes "simpler” when differentiated ,
while leaving a dv that can be readily integrated to obtain v .

Thus , for the integral Ix cos x dx in Example 1 , both

goals were achieved by letting u =x and dv =cosx dx. In

contrast, u =cosx would not have been a good first choice
in that example , since du/dx =—sinx is no simpler than

. Indeed, had we chosen

U =COS X dv =x dx
2
. X
du =—sinx dx v=jxdx=—
2
Remember that :
xr+1
* [ x"dx= +C (r#-1)
r+1

then we would have obtained

Remember that :

® Iudv=uv~[vdu
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2 2
_[ cosx x dx =cosx . J; —I * (— sinx) dx

[
u ] v
v ) ) du

2
X

1
=— CcoS X+ — I x? sinx dx
2 2
For this choice of u and dv , the new integral is actually more

complicated than the original.

* There is another useful strategy for choosing u and dv that
can be applied when the integral is a product of two functions
from dszerent categorzes in the llSt

Logartthmlc y Inverse trlgonomemc (or Inverse hyperboltc),
Algebmzc Tngonometrw (or Hyperboltc), Exponentml

In this case you will often be successful if you take u to be the
function whose category occurs earlier in the list and take dv
fo be the rest of the integrand.  The acronym LIATE will
help you to remember the order. The method does not work
all the time , but it works often enough to be useful.

* Note , for example , that the integrand in Example 1 consists of
the product of the algebraic function x and the trigonometric
function cosx. Thus,the LIATE method suggests that we
should let u=x and dv =cosXx dx, which proved to be

a successful choice.
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Example 2 :
Evaluate I x e” dx.

Solution
* In this case the integrand is the product of the algebraic

function x with the exponential function e*. According to
LIATE we should let

u=Xx dv =e” dx
du =dx v=jexdx=ex
Remember that :
* Iexdx=ex+C
Thus , from (3)

Remember that :

* Iudv=uv—fvdu

Example 3 :
Evaluate I Inx dx.

- Solution
* In this case the integrand is the product of the logarithmic

function Inx with the algebraic function 1. According to
LIATE we should let

u=Ilnx dv =1 dx
du=£dx v=I1dx=x
X
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Remember that :

* [ldx=x+C
Thus , from (3 )

Remember that :

* Iudv=uv¥j'vdu

Ilnx 1dx=lnx.x—jx ldx

X
u dv u y v
du

=X lnx-—[dx

x Tnx -%+C

Repeated Integration by Parts :

* It is sometimes necessary to use integration by parts more than
once in the same problem.

Example 4 :
Evaluate I x? e % dx.

Solution

* In this case the integrand is the product of the algebraic
function x° with the exponential function e *.

According
to LIATE we should let
u=x? dv =e~ " dx
du =2x dx v=Ie‘xdx=—e'x
Remember that :
% Ie{'x+bdx#£ &t L
a

Thaus , from (3)

¥
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Remember that :

* Iudv=uv—fvdu
Ixz e *dx=x? (—e_x)—f(—e_x) 2xdx

—_— —

u dv u M N du

=-x’e ¥ +2 [xe Vdx (4)
* The last integral is similar to the original except that we

replaced x? by x. Another integration by parts applied to
will complete the problem. We let

u=x dv =e " dx
du =dx v=‘[e_xdx=—e—'x
Thus ,
Ix e Ydx=x {—-e " —f —e ¥ )dx

=— xe_x+j e” *dx
=—-xe " —e " +C
* Finally , substituting this into the last line of (4) yields
_[xz e Fdx=—x’e " +2_[x e " dx

=—x’e " +2(—x e " —e”x)+C

[ (¥ r2xr2) e e,
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* The LIATE method suggests that integrals of the form

Ie”x sinbx dx and Ie“x cos bx dx
can be evaluated by letting u =sinbx or u=cosbx and

dv =e™ dx.  However , this will require a technique that
deserves special attention.

Example 5 :
Evaluate j e” cos x dx.

Solution
* In this case the integrand is the product of the trigonometric

function cos x with the exponential function e*. According
to LIATE we should let

U =COS X dv =e” dx
du =- sinx dx v=jexdx=ex
Remember that :

* Iexdx=ex+C

Thus , from (3 )

Remember that :

* Iudv=uv—fvdu

I cosx e dx= cosx .ex—jex (— sinx dx)

— — —
u dv u v y du
=e” cos x + Iexsinx dx (5)

* Since the integral I e* sinx dx is similar in form to the

original integral I e* cos x dx , it seems that nothing has

been accomplished. However , let us integrate this new
integral by parts. We let
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Uu=sinx dv =e” dx

du = cos x dx v=jexdx=ex
Thus ,
] X . X X
Ismxe dx = sinx .e —_[e cos X dx
U S
u dv 7 v 4 du

* Together with Equation (5 ) this yields
I e*cosx dx =e”* cosx +e” sinx —I e” cos x dx

we obtain
2 I e*cosx dx =e*cos x +e” sinx

and hence

1 1 Bl
I e’ cos x dx = 3 'efc._:-_C()S_'x + 3 e” sinx +C:_;. .

* Note that the integral _[ex cos x dx can be evaluated by

letting u =e”* and dv =cos x dx.

A Tabular Method for Repeated Integration by Parts :

* Integrals of the form
[ p(x) f(x)dx
where p (x) is a polynomial , can sometimes be evaluated

using repeated integration by parts in which u is taken to be
p (x) or one of its derivatives at each stage.  Since du is

computed by differentiating u , the repeated differentiation of
P (x) will eventually produce 0, at which point you may be

left with a simplified integration problem. A convenient
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method for organizing the computations into two columns is
called tabular integration by parts.

Tabular Intagration by Parts :

_. Step 1 thferenttate p (x) repeatedly untzl you obtaln 0
e and ltst the results in the fi rst column

Step 2 Integrate f (x) repeatedly and list the result tn thef
| second column. S |

'_ Step 3. Draw an arrow Jfrom each entry in the f rst column to
. the entt;v that is one row down in. the second column

Step 4 Label the arrows with alternatmg + and — szgns y
starttng wzth a +. -

Step 5 For each arrow from the product of the expresszons at

it ttp and tail and then multtply that product by +1 or

o j—] in accordance with the sign on the arrow. A_dd :
S '_'the results to obtam the value of the zntegral.

* This process is illustrated in Figure 7.2.1 for the integral
I (x2 —x)cosx dx.

REPEATED REPEATED
HFFERENTIATION INTEGRATION
,\2 —X + COS X
E‘*«.

ﬂ-‘-hh_ " -
2x—1 —_ — ™ sinx

2 o~ 4+ "™ —cosx

0 e . S ¢

Figure 7.2.1
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J‘(x2 —x)cosx dx =(x2 ——x)sinx—(Zx—])(—cosx)
+2 (~sinx)+C

(2 ~x=2) sinx + (2x 1) cosx +C .

Example 6 : ‘
Evaluate Ix Nx—1 dx using tabular mtegmtzon by parts

Solution

REPEATED REPEATED
DIFFERENTIATION INTEGRATION

2 o+ (x_l)uz
2x .. — = .l%(x—l):y!2

— + T {15(1'—1)5‘(2

— 3 (x _ 1)’?.’2

Remember that :

r+l
* I(“x+b)rdx=£(axr++b3 *C,re-d
* Thus , it follows that
Ix x/ dx
e ) e S ) S ) et
15 | 105 S

* Note that the integral j.xz Nx —1 dx can be evaluated by

using u-substitution (u=x—-1| or |(u=<x—-1




Integration by Parts for Definite Integrals :

* For definite integrals the formula corresponding to (3) Is

Z[udv =[uv]z —?[vdu 7)

Remark :
* It is important to keep in mind that the variables u and v in

this formula are functions of x and that the limits of
integration in (7 ) are limits on the variable x. Sometimes it

is helpful to emphasize this by writing (7 ) as

ji udv=[uv]i=a—i vdu (8)

xX=da a

* The next example illustrates how integration by parts can be
used to integrate the inverse trigonometric functions.

Example 7 : ' CA

1
Evaluate I tan~ ' x dx.
0

Solution
* In this case the integrand is the product of the inverse

trigonometric function tan~' x with the algebraic function
1. According to LIATE we should let

u=tan ' x dv =1 dx
du = Izdx v=j.1dx=x
I+x
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Remember that ;

* jldx=x+C

Thus , from (7)

Remember that :
% . b b
j udv=[uv]a —I vdu

14

f 1
It‘m_lx 1dx=|:tan"1x ] I x
' 0
U v 0 v

0 u dv 1+xv
du
-1 1 I 2x
=|:x tan x] —_— 3 dx
0 2 0 1+x

Remember that :

w

[[2(%)] 2'(x) dx—[—ma-c r#—1

r+1

I & (x) dx=ln|g(x)|+C

. 8(x)dx 1zl +C

)

= :xtan'l x]; _% I:ln‘I +x? H;
=[(1tan™" 1)~(0tan™ 0)]-% | (1n]1+17[)=(m] 1 +07 )]
- Remember that :

® tan_10=0 , tan_‘l]:%:—
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Remember that :

* Inl=0,Inx" =rinx ,relR
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Reduction Formulas :

* Integration by parts can be used to derive reduction formulas
for integrals.  These are formulas that express an integral
involving a power of a function in terms of an integral that
involves a lower power of that function. For example , if n
is a positive integer and n > 2 , then integration by parts can
be used to obtain the reduction formulas

. 1 . ,_ n—1, . ,_
Ism”xdx=——sm" Iy cosx+——{ sin" % x dx (9)
n n

‘ 1 _ . -1 _
Icos”xdx=—cos" 1xsmx+n— cos" % x dx (10)
n n

* To illustrate how such formulas can be obtained , let us derive

(10). We begin by writing cos" x as cos" ! x . cosx and
letting
u=cos" ' x dv = cos x dx

du =(n—1) cos" % x (— sinx) dx v =I cos x dx = sinx

= —(n— 1) cos" % x sinx dx
Remember that :

* Icos dx=sinx+C

Thus , from (3)

Remember that :

* _[udv=uv—jvdu

Icos"x dx=j cos" 1 x cosxdx

s o

u dv
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_1 d . a— .
=cos" ' x smx—j sin x (— (n —1) cos" % x sinx dx)
L.____J . vy
u vV v Vo
du
—1 L] ° 2 _'2
=cos " xsmx+(n—f)_[sm x cos "x dx

Remember that :

* cos? x+sintx=1

=cos "Ix sinx +(n —I)I (1 _cos? x) cos "’ x dx

Icos”x dx +(n—1)jcos "x dx

=COoy

njcos" x dx = cos

"1y sinx +(n —I)I Cos

n-1

n—=2

2% dx

X dx

X Sinx+(n —I)Icos

x Sll’lx‘l'— COS

from which (1 0 ) follows.

* The derivation of reduction formula (9) is similar.

n—1

We begin by writing sin” x as sin" ° x.sinx and letting

u=sin"1x dv = sinx dx
du=(n-1) st'n”"zx(cosx)dx v=f sinx dx =—cos x
=(n-1) sin" % x cos x dx
Remember that :
* I sin dx =— cosx+C
Thus , from (3)

Remember that :

® fudv=uv-jvdu
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I sin” x dx =I sin 1 x sinxdx

AL

N

u dy
= sin" x (—-cosx)—j (—cosx) (!@—1) sin" % x cos x dx

=—sin " Ix cosx+(n—1)j sin"? x cos’ x dx

Remember that :
2

* cos? x+sin’ x=1

=—sin"Ix cosx+(n—])_[ sin" % x (1—sin2 x) dx
I sin” x dx +(n—1)j sin"x dx
——sin"'x cosx+(n—1)j sin "% x dx
n j sin® x dx =— sin" x cosx+(n—1)j sin" % x dx

PR R N Sy l’l—l o pe2 gl
. I sin" x dx=="sin"" x cos x_,____j‘ sin"? x dx|.

* Reduction formula (9) and (10) reduce the exponent of sine

(or cosine) by 2. Thus , if the formulas are applied repeatedly,
the exponent can eventually be reduced to 0 if n is even or 1
if n isodd, at which point the integration can be completed.

Example 8 : .
Evaluate j cos® x dx using the reduction formula (1 0)

1 - . n—1 -2
fcos”xdx=—cos” Ty sinx+—" | cos" ™ x dx .
n n

Solution
* From reduction formula (10)
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1 -7 . n—1 -2
I cos" x dcx==cos" ' x sinx+——| cos" " x dx
n n

with n =4
1 3
Icos" x dx == cos’ x sinx +—I cos’ x dx
4 4
* Now apply reduction formula with n = 2

1
Icos"xdx=£ cos‘?xsinx+E lcosx sinx+—j dx]
4 4\ 2 2

1 ._ AT T

€087 x sinx -+ cosx sinx +2 x+C |.

EXERCISE SET 7.2: (Home Work)
Evaluate the integral.

1. .'xe"zxdx 7. _[xz cos x dx

9. .'xlnx dx 135. _[sin_]‘x dx

i 2
19. e” sinx dx 27 Ixezxdx
0

61.(a) Use reduction formula (9)

. 1 . H— n—1 . H=2
Ism"xdx=——sm" T x cosx+——1| sin"? x dx
n 17

to evaluate I sin? x dx.
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7.3 INTEGRATING TRIGONOMETRIC FUNCTIONS :

Integrating Powers of Sine and Cosine :

* We begin by recalling two reduction formulas from the
preceding section.

. 1 , . n—1; ., ,_ |
Ism"xdx=——sm"1xcosx+—— sin"? x dx (1)
n n
1 _ . n—1 _
Icos”xdx=—cos"1xsmx+.— cos" % x dx (2)
n n

* In the case where n =2 , these formula yields

Isinz x dx =—1~sinx cosx+£ _[dx
2 2

1 1 (3)
=—x——gsinx cos x +C
2 2

1
Icos"’ x dx =£cosx Sinx +—Idx
2 2

T (4)
=—x+—sinx cos x +C
2 2

* Alternative forms of these integration formulas can be derived
from the trigonometric identities

Sin

2x=%(1 —cos 2x) (5)

and cos’ x = %(1 +cos 2x) (6)

which follow from the double-angle formulas
cos 2x =1—2sin’x and cos2x =2cos’ x —1
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* These identities yield

. 1 1 1 .
Isznzxdx =5_[(1 —cos2x)dx=5x—2sm2x+C (7)

Remember that :

* J' cos(ax+b) dxzé sin(ax+b)+C

* sin2x=2sinx cos x

_[cos‘? x dx 1 I (I +cos2x)dx = ix +£sin 2x+C
2 27 4

(8)
* Observe that the antiderivatives in Formulas (3 ) and (4 )

involve both sines and cosines , whereas those in (7) and (8)

involve sines alone.  However , the apparent discrepancy is
easy to resolve by using the identity

sin2x =2sinx cosx
to rewrite (7) and (8) in forms (3) and (4) , or conversely.

* In the case where n =23, the reduction formulas for
integrating sin’ x and cos’ x yield

2

1 2
Isin3 X dx =——sin“ x cos x +—Isinx dx
3 3

; , (9)
= —"sin’ x cos x —=-cos x +C
3 3
Icos3 x dx =£c052 X sinx+£fcosx dx
i ; (10)

= }-cosz X sinx +§sinx +C

G
R
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* If desired , Formula (9) can be expressed in terms of cosines
alone by using the identity sin?x =1 —-cos® x , and Formula
(1 0) can be expressed in terms of sines alone by using the
identity cos’ x =1 —sin’ x.

Remember that :

* cos? x+sin® x=1
1 2

Isin3 x dx =—§(1 —cos? x) cos X —Ecosx +C

1 1 3 2
= —;cosx +§cos x——cosx+C

Isin3xdx=§cos3x—cosx+C (11)

1 2
—(1 _sin’ x) sinx+—sinx +C
3 3

I . 1 .,
= —sinx ——sin
3

jcos3xdx=

X +§sinx +C

Ic0s3 x dx =sinx —%sinj' x+C (12)

* We leave it as an exercise to obtain the following formulas by
first applying the reduction formulas , and then using
appropriate trigonometric identities.

Isin4 x dx =§¥x —isin 2x +Lsin4x +C (13)
8 4 32

* To prove Formulas (13)

Isin" x dx =_f|:sin2 x]2 dx

Remember that :
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* cos? x+sin’x=1

=I[!§(1—cos2x)]2dx

Remember that :

* (ath)’ =a’ +2ab+b’

=—|11-2cos2x+cos” 2x | dx
Al ? 2x]

Remember that :

* cos’ x = é(] + cos 2x)

[ 1—20032x+§(1+c0s4x)] dx

L G NG

' i—Zcost+£cos4xi| dx
| 2 2

Remember that :

xr+1

r+1

* Ix"dx= +C (f#—])

* f cos(ax-+b) dx = l sin(ax+b)+C
a

=1 E;'c—s1Ean+1sin4x:|+C
412 8

[ sin® x dv=>x-Lsin2x+ L sinax+c
8 4 32

* Similarly, the following Formula

Icos"x dx =§—x+£sin2x +Lsin4x +C (14)
8 4 32

225




Example 1 :

Remember that :

% 2

cos” x = é(] + cos Zx)

Find the volume V of the solid that is obtained when the region

under the curve y =sin’ x over the interval [0, ﬂ:] is revolved
about the x-axis.

Solution

. y=sin’y

Figure 7.3.1

Remember that :

y=sinx

¥ A

e

I

N,

-

- _l- 9
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* Using the method of disks , Formula (5 ) of Section 6.2 , and
Formula (13 ) above

V =ij; ﬂ[f(x)]zdx

T
/4 I:sin2 x:l‘2 dx = ﬂ_[sin4 xdx = use Formula (13)
0

—

D ey 3

Remember that :

. 1
® _[ sin® x dx=£x—lsin2x+—sin4x+C
8 4 3

T
=7 ix—131’112x+#1—Sin4x
8 4 32 p

=7 [[iﬂ—lsin2ﬂ+isin4ﬂ]
8 4 32
3 1 1
_ . _ [ ] o L] 0
(8(0) 4sm 2(0)+ 3 sm4( )ﬂ

Remember that :
* Sinnm=0 , nis an integer
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Integrating Products of Sines and Cosines :

*If m and n are positive integers , then the integral
I sin™ x cos" x dx
can be evaluated by one of the three procedures stated in Table
7.3.1, depending on whether m and n are odd or even.

Table 7.3.1

INTEGRATING PRODUCTS OF SINES AND COSINES

Split off a tactor of cos x.

nodd 2

Apply the relevant identity. coslx=1—sin’x

Make the substitution ¢ = sin x.

» Split off a factor of sin x.

2 2

modd + Apply the relevant identity. sin®x =1 —cos“x
» Make the substitution u = cos x.
meven + Use the relevant identities to veduce sin? x = %(1 —¢0s 2X)
11 even the powers on sin x and cos x. cos? x = % (1 + cos 2x)

Example 2 :
Evaluate

(a) Isin4 x cos’ x dx (h) Isin" x cos? x dx
Solution

(a) Since n =35, exponent of cosx is odd , so we will follow
the first procedure in Table 7.3.1 :

Isin“' x cos’ x dx =Isin4 x cos? x (cosx)dx

=I sin’ x (cos2 x)2 (cos x) dx

Remember that :
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* cos? x+sin®x=1

= I sin’ x (1— sin’ x)2 (cos x) dx

* We can then evaluate the integral by substituting

u=sinx
du =cos x dx

* Therefore ,
j'sin“'x cos’ x dx =ju4 (l—uz)zdu
Remember that :
* (azb)’ =a® £2ab+b’
=I u’ (1 — 2u’ +u4) du
=I (u4 — 2u® +u® ) du

Remember that :

ur+1

r+1

* [ u dx= +C (r#-1)

u5 7 u9

== 22 +% 4c
s 779

L Gins

LI e

(b) Since m =n =4, both exponents of sinx and cosx are
even , so we will follow the third procedure in Table 7.3.1 :

. 4 4 .2 \? 2\
jsm X CcoSs xdx=_[ sSin° x cos“ x) dx

Remember that :

2

* 2

sin xzé(l—cosbc) , COS x=§(1+cos2x)
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- (%[1 — cos Zx]T [%[1 +cos 2x]]2 dx

Remember that :
* (a—b)(a+b)=az —b?

= 1%_" (1 —cos” Zx)z dx
=%j sin’ 2 dx

* We can then evaluate the integral by substituting

u=2x

du =2dx or %du =dx
Therefore
I sin? x cos? x dx
1
=2 _f sin’ udu = use Formula (13)

Remember that :

7
* Isin4x dx=%x—§sin2x+3—2sin4x+C

=i iu—1sinZu~|—ism4u +C
32\ 8 4 32

= | TagX Sln4x+
128" 128"

——sin8x+C|.
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* Integrals of the form
I sin mx cos nx dx , Isin mx sinnx dx ,

I cos mx cos nx dx
can be found by using the trigonometric identities

sina cos ff = %[sin (a-pB)+sin(a+B)]

siﬂa sin B = %[cos (a—B)—cos (a+/3):|

cos ¢ cos fB = %[cos (a—ﬂ)+cos (e +ﬂ):|

(15)

(16)
(77)
(18)

to express the integrand as a sum or difference of sines and

cosines.

Example 3 :
Evaluate I sin7 x cos 3x dx.

Solution
* Using (16) yields

jsin7x cos 3x dx =§J‘(sin4x +sin10x)dx

Remember that :

* sina cos = %[sin(a:—ﬂ)+sin(a+ﬂ)]

* _[sin(ax+b) dx=-— é cos(ax+b)+C
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=-1— —1cos4x—i coslOx |+ C
2\ 4 10
_ _£c054x—icos10x+c .

Integrating Powers of Tangent and Secant : IR

* The procedures for integrating powers of tangent and secant
closely parallel those for sine and cosine.  The idea is to use
the following reduction formulas to reduce the exponent in the
integrand until the resulting integral can be evaluated :

n—1

j'tan"xdx=t—‘—lng—Itan"_2xdx (19)

* To derive reduction formula (19 ) we begin by writing tan" x

as tan"?

I tan" x dx =I tan" 2 x tan® x dx

Remember that :

x . tan’ x yields

% cos? x+simtx=1 = I+tan® x=sec’ x
—I tan"? x (5302 x—I) dx

= j (tanx)"_z sec’ x dx— j tan" " x dx

Remember that :

[ ( )]"” +C ,n#-1

I [e(e)]" () o= M




" x tanx+n—2

n—1 n—1

Isec"x dx =3¢ J‘sec"—‘?’x dx (20)

* To derive reduction formula (20) we begin by writing sec” x
as sec"? x .sec’ x and letting
u=sec"’ x dv = sec’ x dx
du=(n-2) sec" ™ x (tan x) dx v =I sec’ x dx =tanx

Remember that :

® I sec? x dx = tan x+C
Thus , from (3)

Remember that :

* Iudv:uv—j'vdu

I sec” x dx =I sec"? x sec® xdx

L

u dv
- n—2 _J‘ _ . H—2
Sin X gtai’lJC) l(t(liiJC) L(I’l Z)Sln t}, X lanx d.X_?I
u v v f£4

=sec "’ x tanx—(n—Z)I sec” % x tan’ x dx

Remember that :

* Jitan’ x=sec’ x

=sec " ’x tanx—(n—Z)I sec" 7 x (sec2 x—]) dx

_[ sec” x dx +(n—2)f sec " x dx

=sec " x tanx+(n—2)j sec "’ x dx

(n—])_[ sec " x dx=sec "’ x tanx+(n—2)j sec "’ x dx

23]




"2 x tanx+n_-2
n—1 n—1

L. sec 2
-I'sec"-xdx:-.--.-. jsec" 2 xdx|.

* In the case where n is odd , the exponent can be reduced to 1,
leaving us with the problem of integrating tanx or secXx.
These integrals are given by

[ tanx dx =In|sec x|+C (21)

[ secx dx =In|secx +tanx|+C (22)

* Formula (21) can be obtained by writing

sin x
I tan x dx = I dx
COS X
Substituting u=cosx|, then
du=—sinxdx or —du=sinxdx

Thus ,
1
_[ttmx dx—-—f;du

Remember that :

* Il du=In|u+C
u

1

| cosx|
Remember that :

+C

=—In|u|+C =-In|cosx|+C = In

* Inx"=rinx , = sec x

Cos x

Injsecx|+C |,
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Note :

Sin X —Sinx
I tan x dx=j'

dx
cos X cos X

dx

Remember that :

* j & ( )du=ln|g(x)|+C

g(x)
+C

1

| cosx|
Remember that :

=— In|cosx|+ C = In

* Inx"=rinx =sec x

Cos X

= | In|secx|+C |

* To obtain Formula (22) we write

secx +tan x
Isecxdx=j'secx[ de

sec x +tan x

dx

_j- sec’ x +sec x tan x
sec X +tan x
Substituting u=secx+tanx| , then

du = (sec2 X +secx tanx) dx
Thus ,

1
Isecx dx =I;du

Remember that :

U 1
* | —du=1 C
fudu n| u+

=In|u|+C = ln|secx +ttmx|+C
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Note :
jsecx dx =j secx(

sec x +tan x
dx
sec x +tan x

se02 X +secx tan x
=I dx

secx +tan x
Remember that :

* _[g( )du ln|g(x)|+C

= | In|secx +tanx|+C |.

* The following basic integrals occur frequently and are worth

noting :

,Itanzxdx=tanx—x+C (23)

Iseczxdx=tanx+C (24)

* Formula (24 ) is already known to us , since the derivative of
tanx is sec’ x. Formula (23) can be obtained by applying

reduction formula (1 9) with n =2 or , alternatively , by

using the identity
2

I +tan’ x =sec? x

fo write
Itanz X dx =I (Secz X —1) dx = tan‘x“ x +C

* The formula

[ tan’ x dx =%mn2 x —In|sec x|+C (25)
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can be deduced from (21 ) and reduction formula (1 9) as
follows :

_[tan3 X dx =§tan2 x—jtanx dx

Remember that :

tan™ ! x

* jtan"xdx= —Itan”_zxdx

n-1

* | tanx dx =1n|sec x|+ C

Another Method

* We can evaluate the integral _f tan’ x dx as follows :

Itan3x dx=_[ tan x tan’ x dx

Remember that ;

* cos’ x+ sin’

x=1 = I+tan2x=sec2x

=I tan x (sec2 x—]) dx

=I (tanx)l sec’ x dx—j tan x dx

Remember that :

* f [g(x)]n g'(x)dx=%+C,n¢—]

* jtanx dx=ln]secx|+C

[ tan’ x dc == tan® x~n|secxl+C .
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* The formula

| sec’ x dx =%secx tan x +§ln|secx +tanx|+C | (26)

can be deduced from (22) and reduction formula (20) as
follows :

1 1
Isec3 x dx =—secx tanx+—j secx dx
2 2

Remember that :

H—2
sec”" “xtanx n-—2 _2
® I sec” x dx = + I sec" ™ “ x dx

n—1 n—1

* Isecx dx =In|sec x + tan x|+ C

Another Method :
* We can evaluate the integral I sec’ x dx by integration by

parts as follows :

Isec3 X dx =I secx sec’ x dx , let

v—
] dv
u=secx dy =sec’ x dx
du =secx tan x dx v =tanx

Remember that :

* Iseczx dx=tanx+C

Thus ,

Remember that :

* Iudv=uv—fvdu
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3
Isec x dx = secx tanx —_f tanx secx tanx dx
[ ¥ s\ 7 \ = d vy
vV 1/}

u v

2
=sec X ttmx—fsecx tan” x dx

=secXx tan x — I secx (secz x—])dx
= sec X tan x — _f sec’ x dx+j sec x dx

2_[sec3 X dx =secx tan x +I secx dx

Isec3 x dx =% [Secx tan x +I sec x dx]

Remember that :
* I sec x dx =In|sec x + tan x|+ C

[ sec” x dx = 5 Secx tanx+ = In|sec x+ tanx|+C|.
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Integrating Products of Tangents and Secants :

*If m and n are positive integers , then the integral
Itanm x sec" x dx

can be evaluated by one of the three procedures stated in Table
7.3.2 , depending on whether m and n are odd or even.

Table 7.3.2

INTEGRATING PRODUCTS OF TANGENTS AND SECANTS

« Split off a factor of sec? x,
neven « Apply the relevant identity. sec?x=tan2x+ 1
+ Make the substitution # = tan x.

Split off a factor of sec x tan x.
modd s Apply the relevant identity. tan? x = sec
Make the substitution v = sec x.

2y-1

Use the relevant identities to reduce
{m even the integrand to powers of sec x alone.

« Then use the reduction formula for
powers of sec x.

dd tanlx=secZx—1
11 odc

Example 4 : .
Evaluate

(a) _[tanz x sec? x dx (b) Itan3 x sec’ x dx

(a) Itan‘z Xx secx dx

Solution
(a) Since n =4, exponent of secx is even, so we will follow
the first procedure in Table 7.3.2 :

Itanz X S8C4 X dx = I ttmz X SeCZ X (sec‘? x) dx
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Remember that :

* cos? x+ sin?

x=1

* J4tan’ x = sec® x

=.|.t‘4sm‘2 X (tanz X +1) (se02 x) dx

* We can then evaluate the integral by substituting

u=tanx

du = sec’ x dx
* Therefore
Itanzx sec’ x dx =Iu2 (u‘z +1)du
=_[ (u4 +u’ ) du

Remember that :

r+1

* rav=2_+C (r#-1
Iu ¥ r+1 ( )
5 3
U /)
=—+—+C
3
=| ctan” x+ —tan” x +C

(b) Since m =3, exponent of tanx is odd, so we will follow
the second procedure in Table 7.3.2 :

Itan3 x sec’ x dx =‘|'mn2 x sec? x (secx tan x ) dx

Remember that :

* I+tan® x =sec’ x

=] (Secz x—1)3302 x (secx tanx) dx
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* We can then evaluate the integral by substituting

u=secx
du =secx tan x dx

* Therefore ,
Itan3 x sec’ x dx =j (u2 —1) u’ du

=I (u4 —u’ ) du

Remember that :

. . ur+1
[ ae=c (ra-)
53
=22 c
5 3

(¢) Since m =2, exponent of tanx is even , and n =1,
exponent of secx is odd , so we will follow the third
procedure in Table 7.3.2 :

Itanz X secx dx =_[ (secz X —1) sec x dx

Remember that :

* Jitan® x=sec’ x

=Isec3 X dx—jsecx dx

* Using Formula (22) and Formula (26)

Remember that :

* Isecx dx =In| sec x + tan x|+ C
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, 1 1
- Isec3x dx=3secx ttmx+51n|secx+tanx|+C

2 1 1
I tan” x sec x dx = 5 secx tanx+51n\secx+mnx|

—In| sec x+tan x|+ C

= E secx tan x — 3 lnl sec X+ tan x|+C .

An_Alternative method for Integrating Powers of Sine , Cosine ,
Tangent , and Secant : Page (505)

* The methods in Tables 7.3.1 and 7.3.2 can sometimes be
applied if m =0 or n=0 (o integrate positive integer
powers of sine , cosine , tangent , and secant without reduction
formulas. For example , instead of using the reduction
formula to integrate sin’ x, we can apply the second
procedure in Table 7.3.1:

Isin3 x dx =jsin2 x (sinx)dx
Remember that :

* cos® x+ sin’

=I (I —cos’? x) (sinx)dx

* We can then evaluate the integral by substituting

U =COS X
du=—sinx dx or —du=sinxdx

* Therefore,

Isin3xdx=—j.(1—u2)du

Remember that :
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ur+1

* Fog
Iu dx_r+1

+C (r#-1)

u’ 1
== —u+C =|=cos’ x—cosx +C |
3 3

which agrees with (1 1 )

Note :
* With the aid of the identity
2

I+cot’ x=csc’ x
the techniques in Table 7.3.2 can be adapted to evaluate
integrals of the form

I cot™ x csc” x dx

it is also possible to derive reduction formulas for powers of cot
and csc that are analogous to Formula (1 9) and (20 )

EXERCISE SET 7.3: (Home Work) B
Evaluate the integral,
9. Isin‘?t cos” t dt 10. .' sin® x cos® x dx
11. Isinzxcoszxdx 14, .'sin39 cos260d0
32, Itan" x sec’ x dx 33. .' sec’ x tan’ x dx
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7.5 INTEGRATING _ RATIONAL  FUNCTIONS BY
PARTIAL FRACTIONS : |

Partial Fractions :

* In algebra , one learns to combine two or more fractions into

a single fraction by finding a common denominator. For
example ,

2 3 2(x+I1)+3(x—4) 5x-10
+ = = (1)
x—4 x+1 (x—4)(x+1) x°—3x~—4

Remember that :

%« @ ¢ adxbe

b d bd

* However , for purposes of integration , the left side of (1 ) s

preferable to the right side since each of the terms is easy to
integrate :

Sx~-10
dx =
x?-3x—4 I

3
——dx+ | —— dx
x+ 1
Remember that :

* _f ,g;((;) tlx=ln|g(x)|+C

= [ 2in|x—4+3 [ x+1+C].
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S5x-10 A N B (2)
(x—4)(x+1)_x—4 x+1

* One way to find the constants A and B is to multiply (2)
through by (x —4 )(x + 1 ) to clear fractions. This yields

5x—10=A(x+1)+B(x—4) (3)

This relationship holds for all x, so it holds in particular if

x=4 or x=-1. Substituting | X=4| in (3) makes the

second term on the right drop out and yields the equation
10=54 or A= |2|; and substituting |X=—1| in (3)
makes the first term on the right drop out and yields the

equation —15=-5B or B= [3|.  Substituting these
values in (2) we obtain
5x—-10 2 3
= + 4
(x—4)(x+1) x-4 x+1 (4)

which agrees with ().

* A second method for finding the constants A and B is to
multiply out the right side of (3 ) and collect like powers of x
to obtain

5x—10=(A+B)x+(A—4B)
Since the polynomials on the two sides are identical, their
corresponding coefficients must be the same.  Equating the

corresponding coefficients on the two sides yields the following

system of equations in the unknowns A and B:
5=A4A+ B

—-10=A-4B
Solving this system yields A= |2| and B= 3| as before.
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Finding the Forms of a Partial Fraction Decomposition :

* The first step in finding the form of the partial fraction
decomposition of a proper rational function P (x) / Q(x)
to factor Q(x) completely into linear and irreducible

quadratic factors, and then collect all repeated factors so that
is expressed as a product of distinct factors of the form

(ax+b)m and (ax2+bx+c)m

* From these factors we can determine the form of the partial
[fraction decomposition using two rules that we will now
discuss.

Linear Factors :

* If all of the factors of Q(x) are linear, then the partial
[fraction decomposition of P(x) / Q(x) can be determined by
using the following rule:

Lmear Factor Rule

For each factor of the form (ax+b) the pamal fractzon

decomposmon contams the following sum of m pamal
fraettons | = - |

4, 4, A,

ath (acsp) T (axtb)”

L, :,j-__are constants t0 be determmed In the
case where m =1, only the fi irst term in the sum appears
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Example 1 :

dx
Evaluate _[ 5 .
X' +x-2
| Solution
* The integrand is a proper rational function that can be written
as |

1 1
X +x-2 (x=1)(x+2)
Remember that :

. If degree of numerator < degree of denominatoi

= proper rational function

* The factors x—1 and x+2 are both linear and appear to
the first power, so each contributes one term to the partial
Jraction decomposition by the linear Jactor rule.  Thus, the
decomposition has the form

1 __ 4 N B ( 5)

(x—])(x+2) x—1 x+2

where A and B are constants to be determined.
* Multiplying this expression through by (x—1)(x+2) yields
I=A(x+2)+B(x-1) (6)
* As discussed earlier, there are two methods for finding A and
B: we can substitute values of x that are chosen to make
lerms on the right drop out , or we can multiply out on the

right and equate corresponding coefficients on the two sides to
obtain a system of equations that can be solved for A and B,

* We will use the first approach, setting |\X=1| makes the

1
second term in (6) drop out and yields 1=3A4 or A= } s
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and setting | X =—2| makes the first term in (6 ) drop out and

1
yields 1=-3B or B = el

* If we use the second approach, equating the corresponding
coefficients on the two sides of (6) yields:

I=4 +B
0=2A-B |
Solving this system yields A= } and B= |- “3“ as before.

* Substituting these values in (5 ) yields the partial fraction

decomposition
1 1

1 __3 3
(x—])(x+2) x—-1 x+2

* The integration can now be completed as follows:

dx 1, dx 1. dx
I(x—])(x+2)=§'[ "3 x+42

x—1 37 x+2

Remember that :

* Igi(xi)dx=h.1|g(x)|+C.

g(x)
=£ ln|x—1|—1 In|x+2|+C
3 3

=:1§|:ln|x—1]— ln|x+2|:|+C

Remember that :

¢ lna—lnb=ln[%) , a,b>0
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x_1

X+ 2

T

* If the fuctors of Q(x) are linear and none are repeated, as in

the last example, then the recommended method for finding the
constants in the partial fraction decomposition is to substitute
appropriate values of x to make terms drop out. However, if
some of the linear factors are repeated, then it will be possible
to find all of the constants in this way. In this case the
recommended procedure is to find as many constants as
possible by substitution and then find the rest by equating
coefficients. This is illustrated in the next example.

Example 2 : B o 11
2x+4

Evaluate | ——— dx .
I 3 =252

Solution

* The integrand is a proper rational function that can be written

as
Remember that :
o U degree of numerator < degree of denominator

= proper rational function

2x+4 2x+4

¥} —2x? x? (x—2)

* Although x° is a quadratic factor, it is not irreducible since
=xx. T hus, by the linear factor rule, x? introduces two

terms (since m = 2) of the form
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4, B
X x2

and the factor x—2 introduces one term (since m = 1) of the
form

C
x-2
so the partial fraction decomposition is
2x+4 A B C

=—+-—+ 7
xz(x—Z) x x? x-2 ()

* Multiplying by x° (x~2) yields
2x+4 = Ax(x-2)+B(x—-2)+Cx’ (8)

which, after multiplying out and collecting like powers of x ,
becomes

2x+4=(A+C)x’+(-24+B)x-2B (9)

* Setting | X =0| in (8) makes the first and third terms drop out
and yields B= |=2|, and setting | X=2) in (8) makes the
first and second terms drop out and yields C= |2 .
However, there is no substitution in (8) that produces A
directly, so we look to equation (9) to find this value.  This

can be done by equating the coefficients of x° on the two
sides to obtain

A+C=0 or A=-C=|-2

* Substituting the values A=\-2|, B=|-2|, and C={2] in
(7 ) yield the partial fraction decomposztzon
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* Thus,

J

2x+4

x? (x—2)

2x+4 -2 -2 2

xzﬂx—Z)_ x x’ x-2

dx=—2.[£dx—2j"!5dx+2.[$dx
. _

Remember that :
r+l

* _[x"dx=x

r+1+C' (Ht_])

% j’g( )dx:lnlg(x)l+c

g(x)
2
=-2In| x|+ +2 In|x-2+C
X

- 2 -2 | 2+ C
X

Remember that :

* lna—lnb=ln(%) » 4,0>0

' 2 iy
| x- +£+C :
X | ox

Zhl
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Quadratic Factors : ST
* If all of the factors of Q( x) are irreducible quadratics, then

the partial fraction decomposition of P(x)/ Q(x) can be
determined from the following rule:

Quadmttc Factor Rule

decomposxtzon contams the followmg sum of m p_a_rtml..

fractions: S NS W Vi

[ Ax+B,  Ax+B,  Ax+B,

1 1 2 2 ot — |
| @’ +bxte (ax +bx+c) (ax +bx+c)

where A / ,A2 3 A B 13B5,.., B, : 'are constants | to be
determmed In the case where m= 1 only the fi rst term in the
sum appears. |

Example 3 :

2
+x—2
Evaluate Ig 3x 2x P dx .
X —x“+3x-—
Solution

* The denominator in the integrand can be factored by
grouping:
3x° = x? +3x-1=x" (3x—1)+(3x—1)

=(3x-1)(x*+1)
By the linear factor rule, the factor 3x—1 introduces one
term, namely
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A
3x—-1
and by the quadratic factor, the factor x° +1 introduces one
term, namely

Bx+C
x?+1
Thus, the partial fraction decomposition is
2
x“+x-2 A Bx+C ( 7 0)

= +
Gx-1)(x?+1) 3x-1 x7+1
* Multiplying by (3x— 1)(x2 + I) yields
x* +x-2=A(% +1)+(Bx+C)(3x-1) (11)

* We could find A by substituting |Xx = 3 to make the last

1Y (1 1Y
term drop out yields (E] +[3)—2=A([3J +1J sO

- E:’-E: -7 f.
A =1i04 = —-3 , and then the rest of the constants by
equating corrésponding coefficients. However, in the case it
Is just as easy to find all of the constants by equating
coefficients and solving the resulting system. For this

purpose we multiply out the side of (11) and collect like

terms:
x? +x—2=(A+3B)x’ +(—-B+3C)x+(A4-C)

* Equating corresponding coefficients gives
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A+ 3B =1

- B+3C=1
A - =-2
* From first equation B = é(I—A) = é[l—(—gn = ‘3 , Jrom

3

third equation C=A+2=—§+2= 5|

* Second method is solving this system of three equations,

subtract the third equation from the first to eliminate A.
Then use the resulting equation together with the second

equation to solve for B and C.  Finally, determine A from
the first or third equation. This yields

7 4 3
A=I75|" B=15]" €= |5
* Thus, (10) becomes
7 4 3
’+x-2 T3 E E
x’+1

(3x—1)(x2+1)_ 3x—1"

and
2

xt+x=2 7 ¢ 1
=-= = dx
I(3x—1)(x2+1)dx 5I3x—1dx+5'[x2+1
s Ix +1

71¢ 3, 1 'f

+
53° 3x—-1 5° x“+1 x? +1

Remember that :
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* J.g'(x) dx=1In|g(x)|+C

g(x)

¢ I ! du=£tan'1(£)+C

az+x2 a a

oI5 5 N S S o

Integrating Improper Rational Functions : L

* Although the method of partial fractions only applies to proper
rational functions, an improper rational function can be
integrated by performing a long division and expressing the
function as the quotient plus the remainder over the divisor.
The remainder over the divisor will be a proper rational
function, which can then be decomposed into fractions. This
idea is illustrated in the following example.

Example 5 :

3x*+3x° —5x? +x-1
Evaluate I 3 dx .
x“+x-2
Solution
* The integrand is an improper rational function since the
numerator has degree 4 and the denominator has degree 2.

Thus, we first perform the long division
Remember that :

If degree of numerator > degree of denominator

%*
= improper rational function
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3x?  +1

X2+ x=-213x"+3° -5x% +x—1

3x' +3x° -6x°

x’+x-1
x+x-2
1

* It follow that the integrand can be expressed as
4 3 2
3x +3x -5x"+x 1=(3x2+1)

X’ +x-2 X’ +x-2
and hence
3Ix* +3x° - 5xP +x~1 1
[T DN A e [ (30 4 1) et | d
X +x-2 x’+x-2

* The second integrand on the right now involves a proper
rational function and can thus be evaluated by a partial

fraction decomposition.  Using the result of Example 1 we
obtain

4 3 2 : .
I3x +3x; 5x° +x chc=x+x+ ln 1+C,
X +x-2 o x+1
Remember that :
r+1
¥ [ xde="—tC (r=-1)
r+1
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EXERCISE SET 7.5: (Home Work)
Evaluate the integral.

3x—1 3x
- I(x 3)(x+4)dx ¢ J‘(x—])(x2+6)dx

dx 2x° +3
9.
fxz_3x_4 23. jx(x_1)2 dx
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